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ON THE AXIOMATISATION OF BOOLEAN CATEGORIES 
WITH AND WITHOUT MEDIAL 

LUTZ STRASSBURGER 


Abstract. The term “Boolean category” should be used for describing an object that 
is to categories what a Boolean algebra is to posets. More specifically, a Boolean category 
should provide the abstract algebraic structure underlying the proofs in Boolean Logic, 
in the same sense as a Cartesian closed category captures the proofs in intuitionistic 
logic and a ^-autonomous category captures the proofs in linear logic. However, recent 
work has shown that there is no canonical axiomatisation of a Boolean category. In this 
work, we will see a series (with increasing strength) of possible such axiomatisations, all 
based on the notion of *-autonomous category. We will particularly focus on the medial 
map, which has its origin in an inference rule in KS, a cut-free deductive system for 
Boolean logic in the calculus of structures. Finally, we will present a category of proof 
nets as a particularly well-behaved example of a Boolean category. 


1. Introduction 

The questions “What is a proof?” and “When are two proofs the same?” are fundamental 
for proof theory. But for the most prominent logic, Boolean (or classical) propositional 
logic, we still have no satisfactory answers. 

This is not only embarrassing for proof theory itself, but also for computer science, 
where Boolean propositional logic plays a major role in automated reasoning and logic 
programming. Also the design and verification of hardware is based on Boolean logic. 
Every area in which proof search is employed can benefit from a better understanding of 
the concept of proof in Boolean logic, and the famous NP-versus-coNP problem can be 
reduced to the question whether there is a short (i.e., polynomial size) proof for every 
Boolean tautology [CR79j . 

Usually proofs are studied as syntactic objects within some deductive system (e.g., 
tableaux, sequent calculus, resolution, ...). This paper takes the point of view that these 
syntactic objects (also known as proof trees) should be considered as concrete represen¬ 
tations of certain abstract proof objects, and that such an abstract proof object can be 
represented by a resolution proof tree and a sequent calculus proof tree, or even by several 
different sequent calculus proof trees. 

From this point of view the motivation for this work is to provide an abstract algebraic 
theory of proofs. Already Lambek | Lam68I [Lam69| observed that such an algebraic treat¬ 
ment can be provided by category theory. For this, it is necessary to accept the following 
postulates about proofs: 

• for every proof / of conclusion B from hypothesis A (denoted by /: A —> B) and 
every proof g of conclusion C from hypothesis B (denoted by g: B —> C) there is a 
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uniquely defined composite proof g o f of conclusion C from hypothesis A (denoted 

bygof-. A^C), 

• this composition of proofs is associative, 

• for each formula A there is an identity proof 1 A - A —> A such that for /: A —> B 
we have / o 1 A = f = 1b o /. 

Under these assumptions the proofs are the arrows in a category whose objects are the 
formulae of the logic. What remains is to provide the right axioms for the “category of 
proofs”. 

It seems that finding these axioms is particularly difficult for the case of Boolean 
logic. For intnitionistic logic, Prawitz [Pra 7H proposed the notion of proof normalization 
for identifying proofs. It was soon discovered that this notion of identity coincides with 
the notion of identity that results from the axioms of a Cartesian closed category (see, 

e. g., [LS86] ). In fact, one can say that the proofs of intnitionistic logic are the arrows in 
the free (bi-)Cartesian closed category generated by the set of propositional variables. An 
alternative way of representing the arrows in that category is via terms in the simply-typed 
A-calculus: arrow composition is normalization of terms. This observation is well-known 
as the Curry-Howard-correspondence |How80j . 

In the case of linear logic, the relation to ^-autonomous categories [Bar79] was noticed 
immediately after its discovery [ Laf88l ISee89j . In the sequent calculus linear logic proofs 
are identified when they can be transformed into each other via “trivial” rule permutations 
[Laf95j . For multiplicative linear logic this coincides with the proof identifications induced 
by the axioms of a ^-autonomous category {Blu93i 1SL04] . Therefore, we can safely say 
that a proof in multiplicative linear logic is an arrow in the free ^-autonomous category 
generated by the propositional variables [BCST961 i LS06 l iHug05a|. 

But for classical logic no such well-accepted category of proofs exists. We can dis¬ 
tinguish two main reasons. First, if we start from a Cartesian closed category and add 
an involutive negat ioi{]. we get the collapse into a Boolean algebra, i.e., any two proofs 

f, g: A —> B are identified. For every formula there would be at most one proof (see, 
e.g., [LS861 p.67] or the appendix of |Gir91| for details). Alternatively, starting from a 
^-autonomous category and adding natural transformations A —> A A A and A —> t, i.e., 
the proofs for weakening and contraction, yields the same collapsed 

The second reason is that cut elimination in the sequent calculus for classical logic is 
not confluent. Since cut elimination is the usual way of composing proofs, this means that 
there is no canonical way of composing two proofs, let alone associativity of composition. 

Consequently, for avoiding these two problems, we have to accept that (i) Cartesian 
closed categories do not provide an abstract algebraic axiomatisation for proofs in classical 
logic, and that (ii) the sequent calculus is not the right framework for investigating the 
identity of proofs in classical logic. 


1 i.e., a natural isomorphism between A and the double-negation of A (in this paper denoted by A) 
2 Since we are dealing with Boolean logic, we will use the symbols A and t for the tensor operation 
(usually ®) and the unit (usually 1 or I) in a *-autonomous category. 
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There have already been several accounts for a proof theory for classical logic based 
on the axioms of Cartesian closed categories. The first were probably Parigot’s A/i- 
calculus [ Par92] and Girard’s LC [Gir91j . The work on polarized proof nets by Lau¬ 
rent |Lau99l ILau03j shows that there is in fact not much difference between the two. 
Later, the category-theoretic axiomatisations underlying this proof theory has been in¬ 
vestigated and the close relationship to continuations [Thi971 ISR98] has been established, 
culminating in Selinger’s control categories [SelOT] . However, by sticking to the axioms of 
Cartesian closed categories, one has to sacrifice the perfect symmetry of Boolean logic. 

In this paper, we will go the opposite way. In the attempt of going from a Boolean 
algebra to a Boolean category we insist on keeping the symmetry between A and V. By 
doing this we have to leave the realm of Cartesian closed categories. That this is very well 
possible has recently been shown by several authors [DP04i lFP04cl [LS05aj . However, the 
fact that all three proposals considerably differ from each other suggests that there might 
be no canonical way of giving a categorical axiomatisation for proofs in classical logic. 

We will provide a series of possible such axiomatisations with increasing strength. 
They will all build on the structure of a *-autonomous category in which every object has 
a monoid (and a comonoid) structure. In this respect it will closely follow the work of 
[ FP04c | and jLSOSaj . but will differ from [DP04j . 

The approach that we take here is mainly motivated by the investigation in the com¬ 
plexity of proofs. Eventually, a good theory of proof identification should never identify 
two proofs if one is exponentially bigger than the other. 

The main proof-theoretic inspiration for this work comes from the system SKS [BTOl] . 
which is a deductive system for Boolean logic within the formalism of the calculus of 
Gug07[ 1GS01 . fBTOlj . A remarkable feature of the cut-free version of SKS, 


structures 


which is called KS, is that it can (cut-free) polynomially simulate not only sequent calculus 
and tableaux systems but also resolution and Frege-Hilbert systems |Gug04a| IBG07 J. This 
means that if a tautology has a polynomial size proof in any of these systems, then it has 
a cut-free polynomial size proof in KS. This ability of KS is a consequence of two features: 


1. Deep inference-. Instead of decomposing the formulae along their root connectives 
into subformulae during the construction of a proof, in KS inference rules are applied 
deep inside formulae in the same way as we know it from term rewriting. 

2. The two inference rules switch and medial , which look as follows: 

f{(avb)aC} f{(a ab)v(ca d)} 

s_ cLidd m 

f{Av(baC)} f{(AvC)a(bvd)} 

where F{ } stands for an arbitrary (positive) formula context and A, 
are formula variables. 


( 1 ) 

B, C , and D 


From DEEP INFERENCE TO ALGEBRA. Deep inference allows us to establish the rela¬ 
tionship between proof theory and algebra in a much cleaner way than this is possible 
with shallow inference formalisms like the sequent calculus. The reason is that from a 
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derivation in a deep inference formalism one can directly “read off the morphisms”. Take 
for example the following derivation in system KS: 

(A 1 A B) V (C A D) 

(4 A 5) V (C A D) (2) 

m- 

{A V C) A (B V £>) 

where A, A', B, C, and D are arbitrary formulae, and r is any inference rule taking A' to 
A. In category-theoretic language this would be written as a composition of maps: 

(A' A B) V (C A D) {rAB)w(( ' AD l (A A B) V (C A D) mA - B ' c ’ D , (AVC)A(BV D ) 

where : (A A B) V (C A £)) —> (A V C) A (B V D) is called the medial map , and 

r: A' —► A is the map corresponding to the rule r. System KS also allows the derivation 

_ (A' AB)V(CAh) 

m (A' V C) A {B V D) (3) 

(4 V C) A (5 V h) 

From the proof-theoretic point of view it makes perfect sense to identify the two deriva¬ 
tions in ([2]) and (J3} because they do “essentially” the same. This is what Guglielmi calls 
bureaucracy of type B |Gug04c| . In the language of category theory, the identification of 
(j2J) and © is saying that the diagram 


(A' A B) V (C A D) mA ' ,B ’ C ’°> {A' VC) A (BW D) 


(rAB)V(CAD) 


(rVC)A(BVD) 


(A A B) V (C A D ) mAacj> . (AVC)A(BV D) 


( 4 ) 


has to commute, which exactly means that the medial map has to be natural. 

For deep inference, Guglielmi also introduces the notion of bureaucracy of type A 
|Gug04b], which is the formal distinction between the derivations 


A' A B' A' A B' 

1-2 A' A B and ^ A A B' 

ri aab 1-2 AAB 


( 5 ) 


where rule ri takes Af to A, and rule r 2 takes B' to B. Proof-theoretically, the two deriva¬ 
tions in © are “essentially” the same, so it makes sense to identify them. Translating 
this into category theory means to say that the operation A is a bifunctor. 

However, it is not always the case that the demands of algebra and proof theory 
coincide so nicely. Sometimes they contradict each other, which causes “creative tensions” 
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[LS06j . One example is the treatment of units. Proof-theoretically it might be desirable 
to distinguish between the following two proofs in the sequent calculus (here t stands for 
“truth” and f for “falsurn”): 


axiom(true)- 

V ' ht 
weakening 


h t,f 


and 


axiom(identity) 


b t.f 


( 6 ) 


This distinction is made, for example, by the proof nets presented in [LS05bj . From the 
algebraic point of view, this causes certain difficulties: In jL'SOSaj the concept of weak 
units has been introduced in order to give a clean algebraic treatment to the distinction in 
()6j) . However, in this paper we will depart from this and use proper units instead. This is 
from the algebraic point of view more reasonable and simplifies the theory considerably. 
But it forces the identification of the two proofs in ©. 

SOME REMARKS ABOUT SWITCH AND MEDIAL. The inference rule switch in (P, or the 
switch map s a,b,c '■ (dVB)AC -> dV(BA(7) has already been well investigated from the 
viewpoint of proof theory |Gug07| , as well as from the viewpoint of category theory, where 
it is also called weak distributivity | HdP93l [CS97b| . linear distributivity, or dissociativity 
(DP04 j. On the other hand, the medial rule or medial map it \a,b,c,d ■ (dAB)V((7AP) — > 
{A V C) A (B V D) has not yet been so thoroughly investigated. Only very recently 
Lamarche [ Lam07 ] started to study the consequences of the presence of the medial map 
in a *-autonomous category, and Dosen and Petrie [ DP07] investigate it under the name 
intermutation from the viewpoint of coherence (but without taking the switch map into 
account). 

Seen from the deductive point of view, the two rules switch and medial have certain 
similarities: 


• switch allows the reduction of the identity rule and the cut rule to atomic form, and 
medial allows the reduction of the contraction rule (and the cocontraction rule) to 
atomic form (see [BTOlj for details), 

• switch and medial are both self-dual, and 


they look similar, as can bee seen in (jT]) . In fact, recent work shows that they can 
both be seen as instance of a single more general inference rule |Gug02, Gug05|. 


However, from the algebraic point of view, they are quite different: Switch is a consequence 
of more primitive properties, namely the associativity of A and V and the de Morgan 
duality between the two operational, whereas medial has to be put as additional primitive, 
if we want it in the category]^ 


Nonetheless it has been investigated in [CS97bj from the category theoretic viewpoint under the 
assumption that negation (and therefore the de Morgan duality) is absent. 

4 This fact raises an open problem: can we find simple primitives from which medial arises naturally, 
in the same way as switch arises naturally from associativity and duality? 

































6 


Outline of the paper. In this work we will present a series of axioms that seem 
reasonable (from the proof-theoretic as well as from the algebraic points of view) to have 
in a Boolean category. While introducing axioms, we will also show their consequences. 
Some of the axioms presented here coincide with axioms given in the accompanying paper 
[Lam07 ] which has been written at the same time as this paper and appears in the same 
issue of this journal. This overlap is certainly not surprising. However, there are two 
main differences between the two papers. First, while l.amO" works in the minimal 
setting of a *-autonomous category with medial (or with “linear logic plus medial”), we 
assume from the beginning full classical propositional logic, i.e., the presence of weakening 
and contraction. Second (and more importantly) we are staying in the realm of syntax, 
whereas [ Lam 07] is primarily concerned with the construction of concrete models for 
classical proofs. 

It is in fact a problem of the subject in general that there are only very few concrete 
examples of (symmetric) models of classical proofs. One of them is the category Rel of 
sets and relations [Hyl04] , but it has the common problem that it identifies disjunction 
and conjunction. From the proof-theoretic point of view this kind of degenerate model is 
not very interesting. In fact, the investigation of medial is pointless in this setting^ Here 
the work in [Lam07] provides some breakthroughs towards new kind of models in which 
disjunction and conjunction do not coincide. 

In the end of this paper, we will also give a concrete example of a Boolean cate¬ 
gory, namely a variation of the proof nets of [ LS05b ]. Although this example might be 
considered “only syntactic”, it nonetheless shows that the axioms presented here do not 
lead to the collapse into a Boolean algebra. Furthermore, this last section can be read 
independently by the reader interested only in proof nets and not in category theory. 

This paper is another attempt to be accessible to both the category theorist and the 
proof theorist. Since it is mainly about algebra, we use here the language of category 
theory. Nonetheless, the seasoned proof theorist might find it easier to understand if 
he substitutes everywhere “object” by “formula” and “map”/“morphism”/“arrow” by 
“proof”. Every commuting diagram in the paper is nothing but an equation between 
proofs written in a deep inference formalism. In order to make the paper easier accessible 
to proof theorists, all statements are proved in more detail than the seasoned category 
theorist might find appropriate. 

2. What is a Boolean Category ? 

Recall the analogy mentioned in the abstract: A Boolean category should be for categories, 
what a Boolean algebra is for posets. This leads to the following definition: 

2.1. Definition. We say a category ^ is a BO-category if there is a Boolean algebra 88 
and a mapping from objects of ^ to elements of 8$, such that for all objects 

5 For this reason, we will leave it as an exercise to the reader to verify that Rel fulfills all the axioms 
presented in this paper. 
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A and B in 'A?, we have F(A) < F(B) in SS if and only if there is an arrow f: A —> B 
in ^. 

In other words, a BO-category is a category whose image under the forgetful functor 
from the category of categories to the category of posets is a Boolean algebra. From the 
proof-theoretic point of view one should have that there is a proof from A to B if and 
only if A B is a valid implication. However, from the algebraic point of view there 
are many models, including the category Rel of sets and relations, as well as the models 
constructed in the in the accompanying paper [ Lam07] . which have a map between any 
two objects A and B. Note that these models are not ruled out by Definition 12. II because 
there is the trivial one-element Boolean algebra. In any case, we can make the following 
(trivial) observation. 

2.2. Observation. In a BO-category, we can for any pair of objects A and B, provide 
objects A A B and d V B and A, and there are objects t and f , such that there are maps 

a A ,B,c : A A (B A C) -*• {A A B) A C a A)B ,c ■ A V (B V C) -*• {A V B) V C 
a AyB : A A B -> B A A cr AiB : dV B -> BV A 

g A : A At —> A dVf ^d 

A a : tAd^d A a : f Vd->d 

\ A \ A A A —> f 

s a ,b,c ■ (d V B) A C -> d V (B A C) 

Bi a,b,c,d '■ (A A 5) V (C A -D) —> (A V C) A (H V id) 

A 4 : d^dAd Va: dVd^d 

U A :A^t U A :f^A 

for all objects A, B, and C. This can easily be shown by verifying that all of them 
correspond to valid implications in Boolean logic. Conversely, a category in which every 
arrow can be given as a composite of the ones given above by using only the operations 
of A, V, and the usual arrow composition, is a BO-category. This is a consequence of 
the completeness of system SKS IB TO If . which is a deep inference deductive system for 
Boolean logic incorporating the maps in & as inference rules. 

Note that Definition 12.II is neither enlightening nor useful. It is necessary to add some 
additional structure in order to obtain a “nicely behaved” theory of Boolean categories. 
However, as already mentioned in the introduction, the naive approach of adding struc¬ 
ture, namely adding the structure of a bi-Cartesian closed category (also called Heyting 
category) with an involutive negation leads to collapse: Every Boolean category in that 


T a : t -»■ d V d 


(7) 
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strong sense is a Boolean algebra. The hom-sets are either singletons or empty. This ob¬ 
servation has first been made by Andre Joyal, and the proof can be found, for example, in 
[LS86J . page 67. For the sake of completeness, we repeat the argument here: First, recall 
that in a Cartesian closed category, we have, among other properties, (i) binary products, 
that we (following the notation of this paper) denote by A, (ii) a terminal object t with 
the property that t A A = A for all objects A, and (iii) a natural bijection between the 
maps /: A A B —> C and f*:A—>B=^C 1 where B^C denotes the exponential of B 
and C. Going from / to /* is also known as currying. Adding an involutive negation 
means adding a contravariant endofunctor (—) such that there is a natural bijection be¬ 
tween maps f: A —> B and f: B —*■ A. It also means that there is an initial object f = t. 
Hence, we have in particular for all objects A and R, that 

Horn (A, B) = Hom(t A A, B) = Hom(t, A =>■ B) = Horn (A =>■ B. f) . (8) 

Now observe that whenever we have an object X such that the two projections 

7Ti, 7T 2 : X A X —■> X 

are equal, then for all objects Y, any two maps f,g: Y —> X are equal, because 

f = Ki° (f, g) = n 2 ° (/, g)= 9 • (9) 

Now note that since f is initial, there is exactly one map f —> f =>• f , hence, by uncurrying 
there is exactly one map f A f —> f. Therefore, for every Y, there is at most one map 
Y — »■ f. By (0), for all A, B , we have Horn (A, B) is either singleton or empty. 

Recapitulating the situation, we have here two extremes of Boolean categories: no 
structure and too much structure. Neither of them is very interesting, neither for proof 
theory nor for category theory. But there is a whole universe between the two, which we 
will start to investigate now. On our path, we will stick to (jBJ) and carefully avoid to have 
(j9|) . This is what makes our approach different from control categories |Sel01j . in which 
the equation f — m° (f,g) holds, but the rightmost bijection in (J8]) is absent. 

3. *-Autonomous categories 

Let us stress the fact that in a plain BO-category there is no relation between the maps 
listed in (J7j). In particular, there is no functoriality of V and A, no naturality of a, a, , 
and no de Morgan duality. Adding this structure means exactly adding the structure of 
a ^-autonomous category [ Bar 79]. 

Since we are working in classical logic, we will here use the symbols A, V,t,f for the 
usual ®, *8, 1, _L. 

3.1. Definition. A BO-category is symmetric A-monoidal if the operation — A— : c € x 
^ is a bifunctor and the maps ola,b,Ci &a,b, Qa , A a in (0 are natural isomorphisms 
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that obey the following equations: 


A A (B A (C A D)) 


AAa 


B,C,D 


A A ((B A C) A D) 


a A,B,C/\D 


(A A B) A (CAD) 


&A,BAC,D 


(A A (B A C)) A D 


« A/\B,C,D 


'Aa,b,c^ d 


((Aab)ac)ad 


AA(BAC) AAaB ' C > A A (C A B) 


&A,B,C 

(Aab)ac 

&AaB,C 

C A (A A B) 


a C,A,B 


a A,C,B 

(Aac)ab 

<TA,chB 

(C A A) A B 


AA(tAB) --- (A A t) A B 



A A B 

The notion of symmetric V-monoidal is defined in a similar way. 

An important property of symmetric monoidal categories is the coherence theorem 
[Mac63j . which says that every diagram containing only natural isomorphisms built out 
of a. cr. d. A. and the identity 1 via A and o must commute ffor details, see IMac71l 
and IKillM 

As a consequence of the coherence theorem, we can omit certain parentheses to ease 
the reading. For example, we will write A A B A C A D for (A A B) A (C A D) as well as 
for A A ((B A C) A D). This can be done because there is a uniquely defined “coherence 
isomorphism” between any two of these objects. 

Let us now turn our attention to a very important feature of Boolean logic: the duality 
between A and V. We can safely say that it is reasonable to ask for this duality also in a 

6 In |Kel64| . Kelly provides some simplifications to MacLane’s conditions in IMac63| . For example, the 
equations gt = At: t A t — > t and qa ° at,A = Aa : t A A —> A follow from the ones in Definition 13.11 
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Boolean category. That means, we are asking for A = A and A A B = AvB. At the same 
time we ask for the possibility of transposition (or currying): The proofs of A A B —> C 
are in one-to-one correspondence with the proofs of A —> B V C. This is exactly what 
makes a monoidal category ^-autonomous. 

3.2. Definition. A BO-category c £ is ^-autonomous if it is symmetric A-monoidal and 
is equipped with a contravariant functor (—) : ^ ^, such that (—): ^ —> ‘if is a natural 
isomorphism and such that for any three objects A, B, C there is a natural bijection 


Ho m%>(A A B, C) = Hon% (A, B V C) 


(*) 


where the bifunctor — V — is defined via A V B = B A We also define f 


= t. 


Clearly, if a BO-category ‘if is *-autonomous , then it is also V-monoidal with ola,b,c — 


&C,B,Ai &A,B ~ V B)A , QA ~ Aa — Q A . 

Note that our definition is not the original one, but it is not difficult to show the 
equivalence, and this was already done in [Bar79j . For further information, see also 
|BW99l IBar911 |Hug05a[ ILS06]. 


Let us continue with stating some well-known facts about ^-autonomous categories (for 
proofs of these facts, see e.g. | LS06j ). Via the bijection (Ej) we can assign to every map 
/: A —> B V C a map g: A A B —► (7, and vice versa. We say that / and g are transposes 
of each other if they determine each other via (j*j) . We will use the term “transpose” in a 
very general sense: given objects A, B , C, D, E such that D = A A B and E = B V C , 
then any /: D —> C uniquely determines a g : A —> E, and vice versa. Also in that general 
case we will say that / and g are transposes of each other. For example, Aa : t A A —> A 
and qa ■ A —> A V f are transposes of each other, and another way of transposing them 
yields the maps 

U: t —> A V A and \ A '■ A A A —> f . 

If we have /: A —> B V C and b: B' —> B, then 


A A B' —AiA A A B — ^ (7 is transpose of d-^BvC-^B'VC (10) 


where g is transpose of /. 

Let us now transpose the identity 1 b v c : 5 V (7 — > B V C. This yields the evaluation 
map eval: (B V C) A C — > B. Taking the A of this with 1 a - A — >• A and transposing back 
determines a map s a ,b,c- AA(B\/C ) —> (AAB) VC that is natural in all three arguments, 
and that we call the switch map |Gug07 IBTOlfi In a similar fashion we obtain maps 
(AVH)AC' -> AV(BAC) and Aa(BVC) -> BV(AaC) and (AVH)AC -»• (AaC')VH. 


'Although we live in the commutative world, we invert the order of the arguments when taking the 
negation. 

8 To category theorists it is probably better known under the names weak distributivity |HdP931ICS97b| 
or linear distributivity. However, strictly speaking, it is not a form of distributivity. An alternative is the 
name dissociativity [DP04j . 
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Alternatively these maps can be obtained from s by composing with a and a. For this 
reason we will use the term “switch” for all of them, and denote them by s a,b,c if it is 
clear from context which one is meant, as for example in the two diagrams 


(A V S) A {C V D) SA ’ B ' CVD > A V (S A (C V D)) 


S AVB,C,D 

((A V S) A C) V D 


sa,b,cVD 


AMs b ,c,D 

■ A V (S A C) V D 


( 11 ) 


and 


A A (S V C) A D AASb,c,p > A A (B V (C A D)) 


sa,b,c^D 

((A A B) V C) A D 


S A,B,CAD 

(AAB)V(CA D) 


( 12 ) 


$AAB,C,D 

which commute in any ^-autonomous category. Sometimes we will denote the map defined 
by (fTTf by t a,b,c,d ■ (A V B) A (C V D) —> A V (B A C) V H, called the tensor may. % and 
the one of (1T2|) by t a,b,c,d ■ A A (B V C) A h -> (AAB)V(CAh), called the cotensor 
map. 

Note that the switch map is self-dual, while the two maps t and t are dual to each 
other, i.e., 


and 


(Aab)vc- 
C A {B V A) - 
(A AS) V (C A D) 
(BVC)A(BV A) 


SA,B,C 


*C,B,A 


A A {By C) 
{C A B) V A 


(13) 


t A,B,C,D 


A A {By C) AD 

Dy {CAB) v A 


(14) 


L D,C,S,A 

where the vertical maps are the canonical isomorphisms determined by the ^-autonomous 
structure. Another property of switch that we will use later is the commutativity of the 
following diagrams: 


(A VS) At 


S A,B, t 


m QAWB 


. , (f V A) A S 

^ 1 a D ' ' 


Ay B 


aab 


Ay {B At) 


Am qb 


s f ,A,B 


( 15 ) 


AWB 


f V (A A S) 


9 This map describes precisely the tensor rule in the sequent system for linear logic. 
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4. Some remarks on mix 

In this section we will recall what it means for a ^-autonomous category to have mix. 
Although most of the material of this section can also be found in [ CS97a ]. [ FP04a ]. 
|DP04| . and {Lam07j . we give here a complete survey since the main result, Corollary 14.31 
is rather crucial for the following sections. This corollary essentially says that the mix-rule 
in the sequent calculus 

hr h a 


is a consequence of the fact that false implies true. Although this is not a very deep 
result, it might be surprising for logicians that a property of sequents (if two sequents can 
be proved independently, then they can be proved together) which does not involve any 
units comes out of an algebraic property concerning only the units. 

4.1. Theorem. Let ^ be a *-autonomous category and e: f —> t be a map in ^. Then 


f Af-Af 


f Ae 

f A t ' 


Qf 


Af 


(16) 


if and only if 


if and only if 


Qt 1 


t Vf ■ 


tVe 


■f vt 

eVt 

■ t V t 


(17) 


A A B 


AA\ b a s A,f,B 


AA(fVB) 


sa 1 ab 


(A V f) A B 

s A,(,B 

A V (f A B) 


AV(eAB) 


■A V (t A B) 


AV Xp 


(A A f) V B 

(AAe)\/B 

(A At) V B 
bavb 
A\J B 


( 18 ) 


for all objects A and B. 
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Proof. First we show that (TT61) implies (fTSlh For this, chase 


AAB 



AV(tAB) V (f A (f V B)) ((AVf)Af)VB (iAt)VB 



(19) 


The big triangle at the center is an application of (fT6lh The two little triangles next to it 
are (variations of) (fT5|) . and the triangles at the bottom are trivial. The topmost square is 
functoriality of A, the square in the center is (HID , and all other squares commute because 
of naturality of s, A, g, A, and g. Now observe that (TT8|) commutes if and only if 


aaA " 1 

A A B ---- A A (f V B) 

Ba^B 

(dVf)AB 

(AVe)AS 

(A V t) A B SAtB > dV(tAB) 


AMeVB) A . 

---AA(tVB) 

SA,t,S 

(iAt)VB (20) 

qaVB 

-r- 

AvXb 


commutes (because of naturality of switch), and that the diagonals of (fT8j) and (|20|) are 
the same map mix^s: A A B —> A\J B. Note that by the dual of (fl9l) we get that (fTTj) 
implies (l20lh Therefore we also get that (1171) implies (1T8l) . Now we show that (12(1 implies 
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(H3i. We will do this by showing that 



( 21 ) 


commutes. For this, consider 



t A t 


Q t 1 At 


tVe 


t V t 


t V t 


£>tvt 


tV£t 


tvA t 


(tVe)At 

(t V t) A t 


t V (t A t) 


( 22 ) 


which says that the left triangle in (t2TT) commutes because the right down path in (1221) 
is exactly the lower left path in (j20lh Similarly we obtain the commutativity of the right 
triangle in (l2Tlh In the same way we show that (1T81) implies (1T6T) . which completes the 
proof. ■ 

Therefore, in a ^-autonomous category every map e: f —> t obeying (fT6l) uniquely 
determines a map mix^y#: A A B —> A\I B which is natural in A and B. It can be shown 
that this mix map goes well with the twist, associativity, and switch maps: 

4.2. Proposition. The map mix^: A A B — > A\J B obtained from (TT8|) is natural in 
both arguments and obeys the equations 


AAB 


mixA.B 


AM B 


VA,B 


&A,B 


(mix-d) 


BAA 


mlx B,A 


BM A 
















15 


and 


A A (B A C) AAm ' Xg,C > AA(BVC) m ' XA,BvC > AV(BVC) 


&A,B,C 

(AAB) AC- 


miXAAS.C 


S A,B,C 

(AAB) VC- 


mixA bVC 


& A,B,C 

(AV B) VC 


(mix-d) 


Proof. Naturality of mix follows immediately from the naturality of switch. Equation 


( |mix-crD follows immediately from the dehnition of switch, and (|mix-g| ) can be shown with 
a similar diagram as (1191) . ■ 


4.3. Corollary. In a *-autonomous category there is a one-to-one correspondence be¬ 
tween the maps e: f —> t obeying (TTfili and the natural transformations mixA,#: A A B —> 


A\/ B obeying ( |mix-d~[) and flmix-dD . 


PROOF. Whenever we have a map mixA,#: A A B —> A V B for all A and B, we can form 
the map 


Q f „ rnix f ,t At 

e: f-f A t-f V t-t 


(23) 


One can now easily show that naturality of mix, as well as ( |mix-cr| ) and ( |mix-dD are exactly 
what is needed to let the map e: f —► t defined in (1231) obey equation ([T6]) . We leave the 
details to the reader. Hint: Show that both maps of (fl6|) are equal to 


f Af 


mixf f 


f vf 


Af— 


It remains to show that plugging the map of (123|) into (fl8l) gives back the same natural 
transformation mix^#: AAB^AVBwe started from. Similarly, plugging in the the 
mix defined via (TT8|) into (1231) gives back the same map e: f —*• t that has been plugged 
into (US]) . Again, we leave the details to the reader. ■ 


Note that a ^-autonomous category can have many different maps e: f —> t with the 
property of Theorem 14.11 each of them defining its own natural mix obeying ( mix-cr ) and 
( [mix-dl) . 


5. V-Monoids and A-comonoids 

The structure investigated so far is exactly the same as for proofs in linear logic (with 
or without mix). For classical logic, we need to provide algebraic structure for the maps 
Va : A V A —> A and H A : f —> A, as well as Aa : A —> A A A and n A : A —>■ t, which are 
listed in (|7J). This is done via monoids and comonoids. 
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5.1. Definition. A BO-category has commutative V-monoids if it is symmetric \J-mo- 
noidal and for every object A, the maps V ,4 and II' 4 obey the equations 




A\/ A 


Ay i 


&A,A,A 


\V A 


\Va 



&A,A 

^A 

avii a 

/Va 


' / Va 



QA 


:A (24) 


(A V A) V A- 


X7 A VA 


■Ay A 


Ay A 


Ay A 


Va 


Dually, we say that a BO-category has cocommutative A-comonoids if it is symmetric 
A-monoidal and for every object A, the maps and II' 4 obey the equations 


A A 


dAd A - 4AA > (dAd)Ad 


dAd 


a: 


a A 


aaa- 


A aA a 


d A (d A A) 






“a,a,a 

A^ 

~ -1 
a A,A 

A^ 


A^< 




dAd 

(25) 

A A t 


Translated into the language of the sequent calculus (cf. [FP04c| ). having the structure 
of a V-monoid, i.e., the equations in (1241) . means 


(i) to force the identification of the two possible proofs of the shape 

Ahd,d,d,r 


contraction 

contraction 


M-d,d,r 
a h d,r 


(ii) to identify the two proofs 


exchange 

contraction 


a h d,d,r 
a h d,d,r 
a i- d, r 


and 


a h d,d, r 

contraction- 

a h d, r 


(iii) to say that the derivation 


weakening 

contraction 


Ahd,r 

Ahd,d,r 

Ahd,r 


is the same as doing nothing (i.e., the identity). 

The equations in (}25l) . i.e., the structure of an A-comonoid, forces the same identifica¬ 
tion on the left-hand side of the turnstile. See [ FP04c | for a detailed discussion of this 
correspondence. 
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5.2. Remark. The (co)associativity of the maps A a and allows us to use the notation 
A 2 a : A ^ A A A A A and V 2 4 : A V A V A — ■> A. 

5.3. Proposition. Let ^ be a category with commutative V -monoids, and let 

A vf 

AVf 

AV A 

commute for some f: f —> A. Then f = II 1 . 

PROOF. This is a well-known fact from algebra: in a monoid the unit is uniquely defined. 
Written as diagram, the standard proof looks as follows: 


8A 


A 


V A 



Note that in the same way it follows that the counit in a comonoid is uniquely defined. ■ 

Although the operations A and V are not the product and coproduct in the category- 
theoretic sense, we use the notation: 


(f,d) = (fAg)oA A : A^CAD and [/, h] = V c ° (/ V h ): A V B -> C (26) 

where /: A —> C and g: A —> D and h: B C are arbitrary maps. 

Another helpful notation (see [LS05a] ) is the following: 


= g A o (A AU B ) : A A B ^ A = X B o (n A A B ): A A B -> B 

n^ n = (A V II s ) O g - 1 : A -f A V B Uf B = (IT 4 V B) o \~ B l : B -> A V B 

Note that 


(27) 


^A ° U[L4 ~ 1 A ~ V A ° 


and Uf A oA a = 1 a = o A a 


(28) 
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5.4. Definition. Let f:A^B be a map in a BO- category with commutative V -monoids 
and cocommutative A-comonoids. Consider the following four diagrams: 



We say that 

• / preserves the V-multiplication if the left square commutes, 

• / preserves the V-unit if the left triangle commutes, 

• f preserves the A-counit if the right triangle commutes, 

• / preserves the A-comultiplication if the right square commutes, 

• / is a V-monoid morphism if the two left diagrams commute, 

• / is a A-comonoid morphism if the two right diagrams commute, 

• / is a quasientropy if both triangles commute, 

• f is clonable if both squares commute, 

• f is strong if all four diagrams commute. 

5.5. Definition. A Bl-category is a BO-category that is *-autonomous and has cocom¬ 
mutative A-comonoids. 

Clearly, a Bl-category also has commutative V-monoids with V dual to A, and II 
dual to II. 

5.6. Remark. Definition 15.51 exhibits another “creative tension” between algebra and 
proof theory. From the algebraic point of view one should add the phrase “and all iso¬ 
morphisms preserve the A-comonoid structure” because in a semantics of proofs this will 
probably be inevitable. But here we do not assume it from the beginning, but systemat¬ 
ically give conditions that will ensure it in the end (cf. Theorem 17. 191 and Remark 17.20p . 
From the proof-theoretic view point this is more interesting because when seen syntacti¬ 
cally, these conditions are more primitive. The reason is that in syntax the morphisms 
(i.e., proofs) come after the objects (i.e., formulae), and the formulae can always be de¬ 
composed into subformulae, whereas in semantics we have no access to the outermost 
connective. Furthermore, forcing all isomorphisms to preserve the A-comonoid structure 
can cause identifications of proofs that might not necessarily be wanted by every proof 
theorist (see, e.g., Proposition I7.14p . 
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5.7. Remark. For each object A in a Bl-category If, the identity map 1a- A —> A 
is strong, and all kinds of maps defined in Definition 15.41 are closed under composition. 
Therefore, each kind defines a wide subcategory (i.e., a subcategory that has all objects) 
of 'if, e.g., the wide subcategory of quasientropies, or the wide subcategory of V-monoid 
morphisms. 

In a Bl-category we have two canonical maps f —>■ t, namely II f and 11*. Because of 
the A-comonoid structure on f and the V-monoid structure on t, we have 



(which even hold if the (co)monoids are not (co)commutative.) Since A t , Qt, Af, and Qf 
are isomorphisms, we immediately can conclude that the following two diagrams commute 
(cf. jFP04aj): 


(?t 1 


t Vf ■ 


tvm 


■f Vt 
n*vt 
■ t V t 


f Af 


fAm 


and 


n f Af 


■ f A t 

Bt 


t A f ■ 


Af 


By Section U this gives us two different mix maps A A B —> AM B, and motivates the 
following definition: 


5.8. Definition. A Bl-category is called single-mixed if IT* = 11*. 

In a single-mixed Bl-category we have, as the name says, a single canonical mix map 
mix^y#: A A B —► 4 V B obeying ( mix-cr ) and ( mix-q ). The naturality of mix, i.e., the 
commutativity of 

mixA.s 


AAB- 

f/\9 

CAD 


mixc,D 


AM B 
/Vff 
CM D 


(29) 


for all maps /: A —> C and g: B —> D, uniquely determines a map / A g: AAB —> CM D. 
Then, for every f,g:A^B we can define 


/ + 9 = V B o (/ XX 0 ) o A a : A -> B . 

It follows from (co)-associativity and (co)-commutativity of A and V, along with natu¬ 
rality of mix, that the operation + on maps is associative and commutative. This gives 
us for Horn (A, B) a commutative semigroup structure. 

Note that in general the semigroup structure on the Hom-sets is not an enrichment, 
e.g., (/ + g)h is in general not the same as fh + gh. 
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5.9. Definition. Let c € be a single-mixed Bl-category. Then is called idempotent if 
for every A and B, the semigroup on Hom(A, B) is idempotent, i.e., for every f: A —> B 
we have / + / = /■ 

In an idempotent B 1-category the semigroup structure on Horn (A, B) is in fact a 
sup-semilattice structure, given by / < g iff / + g — g. 

One can argue that the structure of B 1-categories is in some sense the minimum 
of algebraic structure that a Boolean category should have: ^-autonomous categories 
provide the right structure for linear logic proofs, and the V-monoids and A-comonoids 
seem to be exactly what is needed to “model contraction and weakening” in classical 
logic. There are certainly reasons to argue against that, since it is by no means God- 
given that the proofs in classical logic obey the bijection (jrj) nor that “contraction is 
associative”. But let us, for the time being, assume that proofs in classical logic form a Bl- 
category. Then it is desirable that there is some more structure. This can be, for example, 
an agreement between the A-monoidal structure (Definition 13.111 and the A-comonoid 
structure (Definition 15. lH . or, a more sophisticated condition like the commutativity of 
the diagram 


{{A LB) V {A LB)) A (A V B) Va * bA(AwB J ALB L(AV B) 


$alb,alb,avb 

(. Alb)\j (Alb A(dv b)) 
(AAB)V (A A (5 V A) A B) 

(AAB)\/i A ' B 'A,B 

(AAB)V (A LB) V (A A B) 


A L (By A) LB 

t A,B,A,B 

(Alb)v(Al b) 

Vaas 

- ^alb 


for all objects A and B. We now start to add the axioms for this. 
5.10. Proposition. Let ^ be a Bl-category in which the equation 

rk = l t : t —* t 


holds. Then we have that 

(i) A t = gf 1 : t —> t A t 

(ii) For all objects A, the map IT 4 is a L-comonoid morphism. 


(30) 


(B2a) 
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Proof. The equation A t = gf 1 follows immediately from IT = l t and the definition 
of A-comonoids. That II 4 preserves the A-counit is trivial and that it preserves the A- 
comultiplication follows from 



where the left triangle is the definition of A-comonoids, the lower triangle is functoriality 
of A and the big “triangle” is naturality of g. ■ 


5.11. Lemma. If a Bl-category is single-mixed and obeys (!B2aD . then 


l t + It = It and If + If = If 


(31) 


Proof. First, we show that 

14 = Vf o mixf f : f A f —> f (32) 

This is done by chasing the diagram 


f Af 


AjpAf 


(f V f) A f 


n f Af 


(fAn f )Af 


Ay 1 Af \ 

t A f- 1 -- (f V t) A f 



Af 



(33) 


The right-down path is Vf o mixff and the left down path is II J f . The two squares 
commute because of naturality of A, the upper triangle holds because (fT5jh the big triangle 
in the center is trivial, and that the lower triangle commutes follows from (the dual of) 
Proposition 15. 101 (JI]). Now we can proceed: 

If = II| f o A f = Vf o miXf f o Af = If T If 


The equation l t = It + It follows by duality. 
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Note that Lemma 15.111 is a consequence of having proper units. In the case of weak 
units (see I.SOdb. lLS05aj ) it does not hold. 

5.12. Proposition. In a Bl-category that is single-mixed and obeys we have 

f + n A = f (34) 


for all maps f: A —> t. Dually, we have 


9 + H B = 9 


for all maps g: f —► B. 
Proof. Chase the diagram 


A 


A 


A A 


PA 



■A A A 
aati a 

-A At 

/At 


t A t 


v t 


t A t 

mix t ,t 

t v t 


(35) 


(36) 


The first square is the comonoid equation, the second one is naturality of g, the triangle 
commutes because of Proposition 15. 101 (111), and the lower quadrangle is fj5Tj) . ■ 

5.13. Proposition. In a Bl-category obeying (IB2alh the equation 


AAB 



t A t 



(B2b) 


holds if and only if 

(i) n tAt = : t A t —> t and 

(ii) the maps that preserve the A-counit are closed under A. 
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Proof. We see that (jl]) follows from (1B2al) and (!B2bD by plugging in t for A and B in 
(!B2bD . That (ETJ) holds follows from 



(37) 


where /: A —> B and g : C —> D are maps that preserve the A-counit. Conversely, it 
follows from (Juj) and Proposition 15. 101 that IT 4 A fI B preserves the A-counit. With (III) this 
yields (jB2bl) . ■ 

5.14. Proposition. In a Bl-category obeying (IB2al) and (IB2bl) the maps &a,b,c> &a,b, 
qa, A a, hl A ; an d n A s a ^ preserve the A-counit. And dually, the maps &a,b,c , &a,b, 
qa, A a, A a , U a v and 11^ all preserve the V -unit. 

Proof. We show the case for h a,b- 



The quadrangle in naturality of a and the commutativity of triangle in the center is a 
consequence of the coherence theorem for monoidal categories. The two slim triangles 
are just (IB2bj) . The cases for ola,b,c, Qa, A a are similar. For IT 4 , it follows directly from 
(1B2af) and for 11 4 ^ and 11 0 ' R from Proposition 15. 131 (JnJ) and from f[27j) . ■ 

5.15. Proposition. If a Bl-category obeys (IB 2a I) and the equation 


A A B 



AAAAB AB ----- ^AABAAAB 

AaA<ja,b Ai ? 


(B2c) 


then 


also the equation (IB2bl) holds, 


(ii) for every A, the map A a is a A-comonoid morphism, and 

(iii) the maps that preserve the A-comultiplication are closed under A. 
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Proof, (jlj) For showing that (!B2bD holds, consider the diagram 


AAB- 


aab 


Aa/' 


AaAA| 


. , . _ A _ aah a abati b . . , „ A . 

A A A A B A B - A A t A B A t 



A/\a A5 


AabaAab- 


AaBAU a AH b 


AAfft.sAt 

dABAtAt- 


Aaas 


AABAgt 


■Aab At 


The triangle on the left is (lB2clh the upper quadrangle is the comonoid equation, the 
lower quadrangle is naturality of a and the quadrangle on the right commutes because 
of the coherence in monoidal categories. The outer square says that g t o (IT 4 A IT 5 ) is 
A-counit for Aaab- By Proposition 15.31 (uniqueness of units) it must therefore be equal 
to IF 4/vB . (JnJ) That A a preserves the A-comultiplication follows from 


A — 

A A 

dAi 


AaAA., 


■AaA 


A A A A A A A 


A/\cta aAA 


^AaA 


AaAA a 


■A A A A A A A 


(38) 


where the pentagon commutes because of the coassociativity and cocommutativity of 
A^: A —> A A A. For showing that A^ preserves the A-counit, consider the diagram 



The big and the lower triangle commute by Proposition 15. 101 and the left triangle is (IB2bl) 
which has been shown before. For (lull) chase 


AAB 



AabaAab 


S a 9 


fAfAgAg 


f AgAfAg 



CAD 




C AD AC AD 


where /: A —> B and g\ C —> D are maps preserving the A-comultiplication. ■ 
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5.16. Proposition. In a Bl-category obeying (lB2al) and (!B2cD the maps &a,b,c> &a,b, 
qa, Aa, n A , II® 7 and Ilf B all preserve the A- comultiplication. Dually, the maps ola,b,c, 
&a,b, Qa, A a, IF 4 , H® ; and all preserve the V -multiplication. 

Proof. Again, we show the case only for a: 


AAB 



aabaAab 


° A,B 


CAAA,BAB 


&a,b/\&a,b 


B A A 



B A A A B A A 


The two triangles are (lB2c|h the upper square is naturality of a and the lower square 
commutes because of coherence in monoidal categories. For a, g, and A the situation is 
similar. For TP 4 it has been shown already in Proposition 15.101 and for If 
follows from Proposition 15.151 

Propositions 15. 10115.151 give rise to the following definition: 


I s 


and Uf B it 


5.17. Definition. A B2-category is a Bl-category which obeys equations 
for all objects A and B. 


(lB2al) and (IB2cl) 


The following theorem summarizes the properties of B2-categories. 

5.18. Theorem. In a B2-category, the maps &a,b,c, &a,b, Qa, A a, Aa, hi' 4 , n® n; and 
Ilf B , all are A-comonoid morphisms, and the A-comonoid morphisms are closed under 
A. Dually, the maps ola,b,c, &a,b, Qa, A a, Va, A a , H®,,, and II all are V -monoid 
morphisms, and the V -monoid morphisms are closed under V. 


PROOF. Propositions EHU1 031 OH 051 and PEI 


5.19. Proposition. Let f: A —> C and g: A —> D and h: B —> C and a\ A' —> A and 
b: B' —> B and c: C —> C' and d: D —> D' be maps for some objects A, B, C, D, A', B ', 
C', D' in a B2-category. Diagrammatically: 


A' —^ A —^ C C" 



Then we have: 

(i) (cAd) o (f,g) = (c of, dog). 

(ii) If a preserves the comultiplication, then (f,g)oa— (f o a, g o a). 
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(iii) If 9 preserves the counit, then Ii^ D o (f,g) = f. 

If f preserves the counit, then n^ n o (f,g) — g. 

(iv) (U^,Uf D ) = 1 C ad- 
Dually, we also have: 

(i) [f,h] o(aVb) = [f oa,hob\. 

(ii) U c preserves the multiplication, then c o [/, h] = [c o /, c o h] . 

(iii) If h preserves the unit, then [/, h] o = /. 

If f preserves the unit, then [/, h] o II = h. 

H PS„njy = w 

Proof. Straightforward calculation. Note that (jl]l— fjiH]) hold already in a B 1-category, 
only for (flvl) is the equation (1B2ch needed. ■ 

As observed before, if a Bl-category is single-mixed then Hom(A, B) carries a semi¬ 
group structure. If we additionally have the structure of a B2-category, then the bijec- 
tion (j3j of Definition 13.21 preserves this semigroup structure: 

5.20. Proposition. In a single-mixed B2- category the bijection (gj) is a semigroup iso¬ 
morphism. 

Proof. Let f,g: A A B —> C be two maps for some objects A, B, and C, and let 
f,g': A —> B V C be their transposes. We have to show that f + g' is the transpose of 
/ + g. First note, that in any ^-autonomous category the map 


AA&a,b/\B f/\q 

A A A A B A B --- -AABAAAB - ——-C AC 

is a transpose of 

A A A — > {B V C) A (B V C) ---- By By (C AC) 

where t is the canonical map obtained from two switches, cf. CD- Now, by definition, 
f + g is the map 


aab Aaab ^ aabaAab- 

AA&a,bAB 

aaAabab 



f^g 


C AC- 


mixc,c 


eye- 


Vc 


c 
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By m an d what has been said above, the transpose of the lower path is the outermost 
path of the following: 


A 


A A A- 


/'a g' 


- (B V C) A {B V C) 

m ' x BVC,BVC 

B V C V B V C ■ 


B V B V (C AC) 

_BV-BVmixc,c 

VjWc 

Bye 


The innermost path is by definition f + g . The square commutes because of flmix-dD and 
( Imix-dl) , and the triangle is the dual of (IB2clh ■ 


6. Order enrichment 

In [ FP04cj . Fiihrman and Pym equipped B2-categories with an order enrichment, such 
that the proof identifications induced by the axioms are exactly the same as the proof 
identifications made by Gentzen’s sequent calculus LK [ Gen34 ]. modulo “trivial rule per¬ 
mutations” (see [ Laf95l i Rob03j ). and such that / =<: g if g is obtained from / via cut 
elimination (which is not confluent in LK). 

6.1. Definition. A B2-category is called an LK-category if for every A, B, the set 
Hom(d, B ) is equipped with a partial order structure =4 suc h that 

(i) the arrow composition o, as well as the bifunctors A and V are monotonic in both 
arguments, 

(ii) for every map f: A — > B we have 

U B of^U A (LK-n) 

A b o f 4 (/A/)oA a (LK-A) 

(iii) and the bijection (j*j) of Definition 1 3. 2l is an order isomorphism for = 4 . 

Although in [FP04cl IFP04b| Fiihrmann and Pym use the term “classical category”, 
We use here the term LK-categories because—as worked out in detail in )FP04c) —they 
provide a category-theoretic axiomatisation of sequent calculus proofs in Gentzen’s system 
LK | Gen34 j. However, it should be clear that LK-categories are only one particular example 
of a wide range of possible category-theoretic axiomatisations of proofs in classical logic. 
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6.2. REMARK. Note that in |FP04c j Fuhrmann and Pym give a different definition for 
LK-categories. Since they start from a weakly distributive category [CS97b] instead of a 
^-autonomous one, they do not have immediate access to transposition. For this reason, 
they have to give a larger set of inequalities, defining the order =<!: 


Ab o / ^ (/ a /) o Aa 

U B o f =4 U A 

A V A b =4 (V A V (B A B)) o t o A A \jb 
A V Ii B =$ (IF 4 V t) o A t _1 o U AvB 


f o Va =* Vb o (/ V /) 

/ o IF 4 ^ U B 

A A Vb ^ A AaS o t o (A a A (B V B)) 

a a n AAS oAfo (n A a f) 


(FP) 


where f:A—*B is an arbitrary map and t: (A V B) A (A V R) —> A V A V (B A B) and 
t: AaAA(BMB) —» (AAB) V(dAF) are the tensor and cotensor map, cf. (fill) and (fl2l) . 
One can now easily show that both dehnitions are equivalent: Clearly the inequations on 
the right in (IFPD are just transposes of the ones on the left. The two top ones on the left 
are just (ILK-111) and IE -AD , and the two bottom ones follow as follows. If we transpose 


A\I B 


Av A s 


A V (B A B) we get the map 


A A (A V A B 


By (EMU, 


this is smaller or equal to 


aa(Amb) aa(Amb)aAa(Amb) bab 


By (IB2c|) this is the 


same map as 


aa(Amb) a a^i b aaAa(Amb)a(Amb)^aa(Amb)aAa(Amb) -bab 

Transposing back yields 


A V B^^(A M B)A(AM B)-^~A V A V (B A B)^^A V (B A B) 

This shows the third inequation on the left in (IFPD . For the last one, we proceed similarly: 
Transposing A V B ' 4vl1 > A V t yields 


A A (AM B)^^B-^t 


which is by (ILK-1ID smaller or equal to 


Aa(Amb) 


which is by (IB2bD and (J2ZJ) the 


same as 


A A (AM B)^^AM B^^t 
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If transpose back, we get 

A V ——k/1 V t 


as desired. We do not show here the other direction because it is rather tedious: It is 
almost literally the same as the proof for showing that any weakly distributive category 
with negation is a ^-autonomous category 


see 


The following theorem states the main properties of LK-categories. It has first been 
observed and proved by Fiihrmann and Pym in [FP04a] . 


6.3. Theorem. Every LK-category is single-mixed and idempotent. Furthermore, for all 
maps f,g: A -> B, we have f < g iff g =4 f ■ 

Proof. Because of (IB2aD and (ILK-III) we have that II* = l t o II* = n* o II* n f . By 
duality, we also get II f II*. Therefore II f = 11*, i.e., the category is single-mixed. Next, 
we show that f + g =4 f for all maps /. g: A —> B. For this, note that 


AA B =4 AAB-^+B-^+AV B 

because these are the transposes of 

A A '^B VB A A/\A-^^t-^BV B 

Now we can proceed as follows: 

f + g = Vs o (/ V g) O mix^A ° 

=$ Vb 0 (/ V 5) o ]lf A o U.f A o A a 
= Vs °(/V g)oUf A ol A 
= V 6 o(/VB)o(dV 5 )o(AV IP 4 ) O g A 
= Vb 0 (/VB)o(AV5o II' 4 ) o g A 
--4 Vs o(/VB)o(ylV II s ) O g A 
= Vs ° Hfs o / 

= / 

Similarly, we get f + g=4g- Now we show that / =<! / + / for /: A —> B. Let f: AAB —> f 
be the transpose of /. Then we have 

/ = If °f 

= (If + If) o / 

= Vf o mixf.f o Af o / 

+ V f o mixf f o (/ A /) o A AaS 

= f + f 

= 7+7 
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The second equation is Lemma [5.111 the third one is the definition of +, the fourth one 
is ( LK-A ), the fifth again the definition of +, and the last equation uses Proposition 15.201 
By transposing back, we get / =$ / + /. From this together with f + f =4 f we get 
idempotency. For showing that f<giSg=4f,we need to show that g=4fiSf + g — g. 
Since f + g =4 f, we have that / + g = g implies g =4 /• Now suppose g =4 f. Then we 
have g — g + g=4f + g. This finishes the proof since f + g =4 g has been shown already. ■ 

Note that the converse is not necessarily true. Not every single-mixed idempotent 
B2-category is an LK-category. Nonetheless, because of Proposition 15. 121 in every single- 
mixed idempotent B2-category we have for every /: A —> B that fl s o / + II" 4 = o /, 
and hence IT 4 < I\ B o / which is exactly (ILK-IID . However, the inequality ( |LK-A[ ) does 
not follow from idempotency. One can easily construct countermodels along the lines of 
|Str05] (see also Section [9]). 


7. The medial map and the nullary medial map 

That LK-categories are idempotent means that they are already at the degenerate end 
of the spectrum of Boolean categories. On the other hand, B2-categories have (apart 
from Theorem 15.181) very little structure. The question that arises now is therefore, how 
we can add additional structure to B2-categories without getting too much collapse. In 
particular, can we extend the structure such that all the maps mentioned in Theorem 15. 181 
become V-monoid morphisms and A-comonoid morphisms? This is where medial enters 
the scene. 


7.1. Definition. We say, a B2-category ^ has medial if for all objects A, B, C, and 
D there is a map m a,b,c,d '■ (d A B) V {C A D) —> {A V C) A {B V D) with the following 
properties: 

• it is natural in A, B, C and D, 


• it is self-dual, i.e., 

(Ay C) A (H V D) - 1 —' f '> (A A B) V (C A D) 

a* a* (39) 

(D A B) V (C A A) - B - - y (DVC)K(BV A) 

commutes, where the vertical maps are the canonical isomorphisms induced by Def¬ 
inition 1 3. A 


• and it obeys the equation 





(B3c) 


(A A A) V (B A B) 


m A,A,B,B 


(d V B) A (d V B) 






























for all objects A and B. 

The following equation is a consequence of (lB3d and the self-duality of medial. 


31 


(dAB)V(dA B) --- (A V A) A (B V B) 

(B3c') 

V a AV s 

AAB 

7.2. Theorem. Fe£ If be a B2-category that has medial. Then 

(i) The maps that preserve the A-comultiplication are closed under V, and dually, the 
maps that preserve the V -multiplication are closed under A. 

(ii) For all maps A^C,A-^D,B- I A C, and B A D, we have that 

[(/, g), (h, k)} = ([/, h\, [g, k }): A V B - C A F . 



(iii) For all objects A, B, C, and D, 

m A .B.c.D = [ (uj, o nj 0 , ng, » n;* B ), (life o ng,, life ° nfe) ] 

= < [ uS, ° ng„ ufe o ng, ], [ ng,»nfe, nfe»nfe ] > 

(iv) For all objects A, B, C, and D, the following diagram commutes: 

((d A B) V {C A D)) A ((d AB)V(CA D)) 

(dAB)V(CA D) (A V C) A (B V D) (40) 

((A VC) A {By D)) V {{A V C) A {B V D)) 


(v) The horizontal diagonal of (1401) is equal to m a,b,c,d- 
Proof. For ([T]) , chase the following (compare with the proof of Proposition 15.151 (lull) ) 

/Vfl 


A V B 


TV D 


a a va b 


AcVAjj 


(/A/)V(gAg) 

{A A A) V {B A B ) --- (CAC)V(hA D) 


™A,A,B,B 


m C,C,D,D 


(A V B) A {A V B) 


(/Vff)A(/Vfl) 


(C V h) A (CVh) 
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For (JnJ) chase the diagram 



where the square in the center is naturality of medial, the two small triangles are (lB3cl) 
and (IB3C 7 !) . The big triangles are just (126]) . Note the importance of naturality of medial 
in the two diagrams above. Let us now continue with (llvl) and (jvj), which are proved by 


! .1 A B) V (f' A D) - A(AAB)V(gAC) - - ((A A B) V (C A D)) A (( A A B) V (C A D)) 


(AAAAs)V(Ac?AAi3) 


AaasVA Ca 3a 

(aabaAab)w(Cadacad) 


(A A A A B A B)\/ (C AC A D A D) 


(m* An® )v(n c n Anf ) 
v aD D b ' v cl I d ‘ 


( n AD An f s ) v ( n cD An m) 




(A V C) A (B V D) 


(AAB)V (CAD) 
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and (128|) and the self-duality of medial. It remains to show (JmJ). For this consider 

(A A B) V (C A D) A(j4AB)V(CAO) > ((A A B) V (C A D)) A ((A AB)V(CA D)) 


m A,B,C,D 


(n D „on^ vn? onf ) 
v sO D B 0 D D D 


(A VC) A {By D) 


(n^ 1 viC„)a(ii^ vn D „) 
v Da c D' v Db dD 


{Ay Av CV C) A(BV BV DV D) 


(n c „vnA )A(n D n vnif ) 
v aD Oc' sO On' 


( n fo Vn cD) A ( n f S VlI Dn) 

{Ay C y Ay C) a {B y D y B y D) 


(ii c n on s n viR on D „)A 
v a 0 aD Dc c 0 ; 


( A V <Xa ; c V O) A ( V O' b , D V D ) 


VavcAVsvd 


(VaWc) A(VbWd) 


(AVC)A(BV D) 


The topmost triangle is (jvj), the two middle ones are trivial, and the bottommost triangle 
is (ED. Note that the first-right-then-down path is 

([ n$o ° nf,, uj* c o ng, ], [ ug,» nf B , ng D o ng D ]) 

by definition, and the first-down-then-right path is m a,b,c,d because of (1251) . We get (JmD 
by self-duality of medial. ■ 

7.3. Remark. Because of (jmj) and (jvj) in Theorem 17.21 we could obtain a weak medial 
map by adding (JTv|) or (JnD as axiom to a B2-category. This weak medial map would be 
self-dual. By also adding Theorem 17.21 (111) as axiom, we could even recover equations (lB3c[) 
and (lB3c'l) . as the following diagram shows: 


. „ Aavs 

Ay B - 

AaVAs 

(AAA) y{B AB) — 


{Ay B) a {Ay B) 


(Aava b )a(A a va s ) 


HAAA)V(BAfl) 


{Ay B) a {Ay B) 

( n lD vn sO) A ( n fA Vn L) 
{{A A A) V {B A B)) A {{A A A) V {B A B)) 


where the left square says that V A B preserves the A-comultiplication. However, by 
doing this, we would not get naturality of medial, which is crucial for algebraic as well as 
for proof-theoretic reasons (see also the introduction). 

7.4. Definition. A B2-category c £ has nullary medial if there is a map nm : t V t —> t 
(called the nullary medial map ) such that for all objects A, B, the following holds: 


Ay B 



t V t 



(B3b) 
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Clearly, if a a B2-category lias nullary medial, then nm = II tvt . This can be seen 
by plugging in t for A and B in (!B3bD . By duality H fAf = nm: f —> f A f (the nullary 
comedial map ) obeys the dual of (!B3bD . 


7.5. Proposition. In a B2-category ^ that has nullary medial, we have that 

(i) The maps that preserve the A-counit are closed under W, and dually, the maps that 
preserve the V -unit are closed under A. 

(ii) For all objects A, B , C, the map s a,b,c is a quasientropy. 


Proof. For showing the first statement, replace in (137|) every A by an V, and by nm. 
The second statement is shown by 


{AW B) AC 
(n A vn s )An c 

(t V t) A t - 

nmAt 


s A,B,C 


AW {BA C ) 

n A v(n s An c ) 
>t V(t At) 



where the left down-path is and the right down-path is n Av (' BAC ') (because of 

(1B2bl) and (IB3blP . The two squares are naturality of s and g, and the triangle at the 
center is just (fT5lh Hence, switch preserves the A-counit, and by duality also the V-unit. ■ 


7.6. Proposition. Let ^ be a B2-category with medial and nullary medial. Then 
obeys the equation 


(dAt)V(BAt) > (A W B) A (t V t) 


qaVqb 

AW B 


Sawb 


(AVB)Anm 

{AW B) At 


(m-p) 
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Proof. Chase 
(j 4 A t) V (B A t) 




{AW B) A (t Vt) 



(AV-B)Anm 


®AVS 


{A W B) At 


The upper triangle is Theorem l7.2l fjvj) . the lower triangle is the comonoid equation, the left 
square says that qa V Qb preserves the A-comultiplication (Theorems 15. 181 and 17. 21 (11). the 
triangle on the right is (1B3b|) , and the triangle in the middle commutes because iTjy = qa 
and Uf t = If' o q a , where the latter equation holds because of (127|) and naturality of g. ■ 


7.7. Proposition. A B2-category with medial and nullary medial the following are equiv¬ 
alent: 


(i) We have 


ff tvt = nfn = Vt:tVt—>-t 


(B3a) 


(ii) For all objects A, the map qa preserves the V -multiplication. 
PROOF. Chasing the diagram 


(A A t) V {A A t)- ^ Aw A 



shows that in the presence of medial, nullary medial, and (IB3al) the map qa preserves 
the V-multiplication. Note that in that diagram the uppermost square is (m-£) from the 
previous proposition. The lowermost square commutes because of (IB3al) . and the big left 





























triangle is ( lB3c'l ) . Conversely, consider the diagram 
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£tvt 


where p = (Hj^VlIJ: n) A (IIjj t VlljjJ. The upper two triangles are (IB3cl) and Theorem 17.21 ( ivl). 
The left triangle commutes because of Proposition 15.191 (llvlh and the triangle at the 
center is the monoid equation. The triangle-shaped square is the naturality of g , and 
the rightmost square commutes because l tV t A V t preserves the V-multiplication, which 
follows from (the dual of) Proposition 15.151 (HU) and Theorem 17.21 (jl]). Finally, the lower 
square commutes because we assumed that qa preserved the V-multiplication. Note that 
the commutativity of the outer square says that Vt is unit for A tV t- Therefore, by 
Proposition 15.31 we can conclude that n'm = fl tvt = Vt- ■ 

7.8. Definition. A B3-category is a B2-category that obeys (IB3al) and has medial and 
nullary medial. 

7.9. Corollary. In a BZ-category, the maps qa, Aa, qa, and Aa are clonable for all 
objects A, i.e, they preserve both the V -multiplication and the A- comultiplication. 

PROOF. Theorem 15.181 and Proposition 17.71 suffice to show that Qa is clonable. For Aa it 
is similar, and for qa and A a it follows by duality. ■ 

ft has first been observed by Lamarche [Lam07] that the presence of a natural and 
self-dual map m a,b,c,d- {A A B) V (C A D) —> {A V C) A (B V D ) in a *-autonomous 
category induces two canonical maps e 1; e 2 : f —>• t, namely 

e i: flfVf — (f At) V (t A f)^hhfi(f vt) A (t Vf)^^t At-^t 


e 2 : 


A" 1 


f vf 


_ 1 v£ f 1 


(t A f) V (f A t) t,f ' f,t > (t V f) A (f V f) gtA ^> t A t-^-t 


and 
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which are both self-dual (while II f and II* are dual to each other). By adding sufficient 
structure one can enforce that e x = e 2 and that this map has the properties of Theo¬ 
rem 14.11 In [ Lam07] , Lamarche shows how this can be done without the A-comonoid and 
V-monoid structure for every object by using equation ( m-cr ) that we will introduce in 
Proposition 17.131 In our case the structure of a B2-category is sufficient to obtain that 
e] = e 2 . But for letting this map have the properties of Theorem 14.11 as it is the case 
with II f and 11*, we need all the structure of a B3-category. Then we have the following: 


7.10. Theorem. In a B3-category we have II f = = e 2 = IT, i.e., every E>3-category is 

single-mixed. 

Proof. We will first show that II f = e x . For this, note that 


(A t A Q t ) o m f)ti t,f o (g f V A f *) 


= (A t A Q t ) o 


HfI ° , Eft o IT 


nTn on{ t ,n{ f oh 


°(6 f 1 vA f *) 




At ° iifj ° n fB o £>£. , At o n nt o n tn o a^. 
n*,n f 1. [n f ,n* 


-i 


^t ° UtD ° ^iit 0 df \ 6t ° n Df o Iljj. o Aj 


The first equation is an application of Theorem 17.21 fjmjl . the second one uses Proposi¬ 
tion 15.191 together with the fact that Qf and A f preserve the A-comultiplication (Theo¬ 
rem 15.181) and that these maps are closed under V (Theorem 17.21 (Gi). The third equation 
is an easy calculation, involving (1261) and the naturality of g and A. Before we proceed, 
notice that: 


n* t = A t = Qt = n* D : t A t —> t and IlJ f = A f 1 = g f 1 = II^ : f —> f V f (41) 

Now we have: 

e, - Qt o (At A Qt) O o (gf 1 V Af 1 ) o A^ 1 

= e 1 o([u*,n t ]oA f - 1 , [n f ,u*]oA f -'> 

= n;,o([n*.n f ]on[ f ,[n f ,n*]ou; 0 > 

= n;,o(n'.n f ) 

= n f 


The first two equations are just the definition of e x and the previous calculation. The third 
equation uses Proposition 15.191 and the fact that Af = Of preserves the A-comultiplication 
(Corollary 17.91) . The fourth equation applies (jTTj) . and the last two equations are again 
Proposition 15.191 together with the fact that 11* preserves the V-unit and II f preserves 
the A-counit (Theorem 15.1811 . Similarly, we show that e 2 = II f and dually, we obtain 
e 1 = e 2 = II*. ■ 
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7.11. Theorem. In a B3- category, the strong maps (in fact, all types of maps defined in 
Definition \5.f\ ) are closed under A and V. Furthermore, the maps rr\A,B,c,D and nm and 
nm are strong. 

Proof. By Propositions 15.131 and 15.151 the A-comonoid morphisms are closed under 
A, and by Proposition 17.51 and Theorem 17.21 they are closed under V. Dually, the V- 
monoid morphisms are closed under V and A, and therefore also the strong maps have this 
property. Since by Theorem 0(0), medial is ((Ilf n V Ilf,) A (Uf B V Ilf,)) o A (A ab)w(Cad) 
as well as V(avC)a(hvd) ° ((Ilf A Ilf) V (Hjjf A Iljf)), we have by Theorem 15.181 that 
it is a A-comonoid morphism and a V-monoid morphism, and therefore strong. Since 
nm = II tvt = V t , we get again from Theorem 15. 181 that it is a A-comonoid morphism and 
a V-monoid morphism. Similarly for nm = H fAf = Af. ■ 

7.12. Proposition. In a B3-category the maps ola,b,c, &a,b, A a, and qa preserve the 
A- counit for all objects A,B,C. Dually, the maps &a,b,c, &a,b, A a, and qa all preserve 
the V -unit. 


Proof. As before, the cases for ola,b,c and <Ja,b are similar. This time, we show the case 
for ola,b,c'- 

An {BNC) — 6a ’ b ' c > [ANB)NC 


n^vcnsvn 0 ) 

t V (t V t) 

tWt 

t V t 


OL t,t,t 


(n A vn s )vn c 
(t V t) V t 
v t vt 

t V t 


Vt ^ t ^ Vt 


The square is naturality of a, and the pentagon is associativity of V. The left down path 
is Ih 4v ( BvC ) and the right down path is (because of (!B3bD and (lB3af) ). For qa, 

chase 



The upper right quadrangle is naturality of g. The leftmost triangle is (IB3bl) . The one in 
the center next to it commutes because of functoriality of V and II f = II* (Theorem 17. 10p . 
The lower right triangle the the monoid equation and the triangle at the bottom is (1B3al) . 
The case for Aa is similar. ■ 









































7.13. Proposition. In a B3-category the following are equivalent: 

(i) The equation 
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(A A B) V (C A D) aA ^ acr L (5 A A) V (DA C) 




ms,A,D,C 


(A V C) A (5 V D) 


(bvd)a(Av c) 


^VC,BVD 

holds for all objects A, B, C, and D. 

(ii) The map <ja,b '■ A A B —> B A A preserves the V -multiplication. 

(iii) The map &a,b- A V B — > £> V A preserves the A-comultiplication. 

(iv) 27ie equation 

(A A B) V (C A £>) aAAB ’ CAD > (C a D) V (A A 5) 


m A,S,C,D 


m C,B>,A,B 


(A V C) A (B V D) t > (C V A) A (D V B) 


holds for all objects A, B, C, and D. 


Proof. Suppose (|m-o~D does hold. Then we have 


(dAB)V(dA B) " 4,gV ' A, > (BAd)V(BA A) 




™B,A,B,A 


(A V A) A (B V 5) CTAvA ' avi3 > (BVB)A(AV A) 


VaAVs 

aab- 


&A,B 


V^aVa 

w 

BAA 


(m-d) 


m-cr 


which together with (1B3PI) says that preserves the V-multiplication. Conversely, we 
have 


(A A P) V (C A £>) 


0'A,B'eo'C,D 


(BAA)V(hA C) 

(n D n An c n )v(n® ) 
v sO aD' v Dz? 0 c J 


^AVC,BVD^0-AVC,BVD 

((A V C) A (B V £>)) V ((A V C) A (B V 17))- ((B VD)A(AV C)) V ((£ V D) A (A V C)) 


' (AVC)A(BVD) 


(A VC) A (P VD) 


“■AVC.SVD 


V(BVD)A(AVC) 

(bvd)a(Av c) 
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The upper square is naturality of a, and the lower square says that &a,b preserves the 
V-multiplication. Together with Theorem 17.21 (|vj) . this is ( m-d ). Hence (EJ) and (jn]) are 


equivalent. The other equivalences follow because of duality. 

7.14. Proposition. In a B3-category the following are equivalent: 

(i) The equation 

OLA,B,cV&D,E,F 

{A A (BA C)) V (D A (E A F)) -~ ((A A B) A C) V ((D A E) A F) 


m A,BAC,D,EAF 


m AAB,C,DAE,F 


(A\J D) A ((B AC) V (EAF)) 

{A\jD)/\m B ^c,E,F 

(Ay D) a ((By E) a (Cy F)) 


((A A B) y (D A E)) A(C y F) (m-d) 
((Ay D) a (By E)) a (Cy F) 


OAvD,BVE,CVF 

holds for all objects A, B, C, D, E, and F. 

(ii) The map oia,b,c '■ A A (B A C) —> (A A B) A C preserves the V -multiplication. 

PROOF. Similar to the previous proposition. (Here the statements corresponding to (lull) 
and dry]) in Proposition 17.131 are omitted to save space, but obviously they hold accord¬ 
ingly.) ■ 

7.15. REMARK. This proposition allows us to speak of uniquely defined maps 

m a, b ,c,d,e,f '■ (A A B A C) V (D A E A F) -*• (A V D) A (B V E) A (C V F) 


and dually 


m 


a,b,c,d,e,f : (A A B) V (C A D) V (E A F) -*• (A V C V E) A (B V D V F) 


A more sophisticated and more general notation for composed variations of medial is 
introduced by Lamarche in [Lam07j . 


7.16. Proposition. In a a B3-category obeying flm-dp and dm-d[ ) the following are equiv¬ 
alent: 


(i) The equation 


((A A B) V (C A D)) A E SAAB - CAP A (AAB)y(CADAE) 




m A,B,C,D/\E 


, m-s 


(Ay C) A (By D) A E; 


(A VC) A (By (DAE)) 


(A\/C)/\sb,d,e 

holds for all objects A, B, C, D, and E. 

(ii) The map s a,b,c'- A A (B V C) —> (A A B) V C preserves the A- comultiplication. 
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Proof. First note that if the equations flm-dD , ( |m-o'D , and ( jm-sp hold, we can compose 
them to get the commutativity of diagrams like 


((A A B) V (C A D)) A E A F ■ 


(A A B) V (C A E A D A F) 


m A,fl,C,£)ABAF 


(AW C) A(BV D) AE AF- 


m A,B,C/\E,D/\F 


(42) 


(A V (C A E)) A (B V (£> A F)) 


where the horizontal maps are the canonical maps (composed of twist, associativity, and 
switch) that are uniquely determined by the ^-autonomous structure. Now chase 


(A\/ B) AC ■ 

(AaVAs)aAc 


S A,B,C 


■AW (BA C) 

AaV(A b aA c) 


((A aA)w(bab))acac s - 4A - 4 ' BAB - CA g (aaA)w(babacac) 


m A,A,B,sACAC 

(Aw B) A (Aw B) AC AC 
(AvB)A&avb,c^C 
(AW B) AC A (AW B) AC 


s A,B,cAsa,B,C 


(AaA)v(BAo- BiC AC) 

(AaA)w(bacabac) 

™a,a,bac,bac 

(Aw (B AC)) A (Aw (B A C)) 


where the parallelogram is just (I42]h the upper square is naturality of switch and the two 
triangles are laws of ^-autonomous categories. Note that, by (lB2cl) and (IB3d) . the vertical 
paths are just A(avb)ac and ^av(baC)- Therefore switch preserves the A-comultiplication. 
Conversely, consider the diagram 


((AAB)W(CAD))AE- 


S A/\B,C/\D,E 


(AAB)W(CADAE) 


»(( A/\B)V(CAD))AE 


((Aab)w(Cad))aea((Aab)w(Cad))ae- 


sAs 


^(AAB)V(CADAE) 


((AAt)W(CAt))AtA((tAB)W(tAD))AE- 


sAs 


((AaB)W(CADAE))A((AAB)W(CADAE)) 


((AAt)W(CAtAt))A((tAB)W(tADAE)) 


(AVC)A(BWC)AE ■ 


( AVC)Asg : n,E 


(AwC)A(BW(DAE)) 


where 


p = ((AAU B )W (C AU D )) AU E A((U a AB)W (U c AD)) AE 
q = ((AAU B )W (C AU D AU E )) A((U a AB)W (U c AD AE)) 
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Note that the left vertical map is (Ba,b,c,d A 1e while the right vertical map is it\a,b,c,d/\e- 
The upper square commutes because we assumed that switch preserves the A-comultipli- 
cation, the middle one is naturality of switch, and the lower one commutes because the 
category is ^-autonomous (the isomorphisms are just compositions of g and A). ■ 


7.17. Definition. A B4-category is a B3-category that obeys the equations flm-dp , ( |m-&D , 
and ( jm-sp . 


7.18. REMARK. Equivalently, one can define a B4-category as a B3-category in which a, 
a, and s are strong. We have chosen the form of Definition (17.171) to show the resemblance 
to the work [Lam07| where the equations flm-dp , ( |m-d|) , and ( jm-sp are also considered as 
primitives. 


7.19. Theorem. In a BA-category, the maps &a,b,c, &a,b, Qa, Aa and ola,b,c, &a,b, Qa, 
\a, as well as s a,b,c and mix^s are all strong. 

Proof. That ola,b,c, <?a,b, Qa, Aa and ola,b,c, ^a,b, Qa, Aa are quasientropies follows 
from Theorem 15.181 and Proposition 17.121 That qa, Aa and qa, A a are clonable has 
been said already in Corollary 17.91 For &a,b,c, &a,b and qla,b,c, ®a,b this follows from 
Theorem 15.181 and Propositions 17.131 and 17.141 (and by duality), ffence, all these maps 
are strong. That s a,b,c is strong follows from Proposition 17.51 and Proposition 17.161 (and 
self-duality of switch). For showing that mixA,n is also strong it suffices to observe that 
mix is a composition of strong maps via o, A, and V. See (TTSl) . Theorem 17.101 and 
Theorem 17.111 ■ 


7.20. REMARK. Theorem 17.191 gives justification to the algebraic concern raised in Re¬ 
mark [5761 In a B4-category all isomorphisms that are imposed by the B4-structure do pre¬ 
serve the V-monoid and A-comonoid structure (and are therefore “proper isomorphisms”). 
Note that there might still be “improper isomorphisms” in a B4-category. But these live 
outside the B4-structure and are therefore not accessible to proof-theoretic investigations. 


It has first been observed by Lamarche in [ Lam07 ] that the equation ( |m-mix| ) (see 
below) is a consequence of the equations flm-d:| ), ( Im-dl ), and (|m-sp . Due to the presence 
of the V-monoids and A-comonoids, we can give here a simpler proof of that fact: 


7.21. Corollary. In a BA-category, the diagram 


A A B A C A D 


AA*b,C^D 


aacabad 


miXAAB.CAD 


m ixA,cAmixB,D 


(X A B) V (C A D) - BCJ > (iVC)A(BVfl) 


(m-mix) 


commutes. 
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Proof. Chase 


A A B A C A D ■ 


AA&b,c/\D 


■aacabad 




The topmost quadrangle commutes because of naturality of a. The pentagon below 
consists of several applications of (lB2cl) . The two triangles on the right are trivial. The 
quadrangle on the lower left commutes because mix preserves the A-comultiplication, and 
the quadrangle on the lower right because of naturality of mix. Finally, the triangle on 
the bottom is Theorem 17.21 (jvj) . ■ 


Obviously one can come up with more diagrams like flm-mixD or ( m-g ) and ask whether 
they commute, for example the following due to McKinley |McK05] : 


{A A f) V (B A C) 

(AAn f )V(RAC) 

w 

(dAt)V(BA C) 



A V 


(A\J B) A (f VC) 

(.AV B) A Aq 

(Ay B) AC 



AC) 


(43) 
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It was soon discovered independently by several people that (1431) is equivalent to: 

(A A B) V (CAD) 


mix J 4 : sV(CA-D) 

m a,b,C,d A V B V (C A D) 

t A,C,B,D 

(4Vd)A(5V £>) 

Here are two other examples that do not contain the units: 

((A A B) V (C A 14)) A (BVF) (A V C) A (5 V D) A (F V F) 


, mix-m-t 


s aab,cad,eaf 


tA\/C,BVD,E,F 


(A A 5) V (C A D A (F V F)) 

(AAB)\/ic } D,E,F 

(A A 5) V (C A F) V (F A D) 


((dVC)AF)V(£A(BVh)) (m-t-s) 

m XVC,F,B,SVD 

^(4VCVfi)A(FVBVh) 


A,B,C,F,E,D 


(A'\jA)a(b'vb)a(c'vC)a(d’\/d) 

p q 


(( a'vb')a(c'\jd'))\/(dac)v(baa) 


■ 2 


(HVFVFVD)A(D , VC' , VCAa4) 

t A , VB l ,BvD,D'VC' ,CVA 


((A'VA)A(B'VC))\(BAD')\J(D\JC) 

™A / \/A,B'\/C,B,D',D,C' (m 2 -S-ITl 2 ) 

’ 1 

(A'vax'Bvd)a(d'\/c , \'B'\/c) 

•a'va.bvd.b'vc'.b'vc 


a'vb i v((bvd)a(d , vc , ))vc\/a 

where p and q are the canonical maps (composed of several switches, twists, and associa¬ 
tivity) that are determined by the *-autonomous structure. 

One usually speaks of “coherence” |Mac71j if all diagrams of this kind commute. Very 
often a “coherence theorem” is based on so-called “coherence graphs” [ KM71 . DP04j . In 
certain cases (see, e.g., [Str05j ) the notion of coherence graph is too restricted. For this 
reason, in [ LS05a| . the notion of “graphicality” is introduced. 


7.22. Definition. Let ^ be a single-mixed Bl-category, and let be the category ob¬ 
tained from by adding for each pair of objects A and B a map mix^: A V B —> A A B 
which is inverse to mi x^b (i-e., the two bifunctors — A— and — V — are naturally isomor¬ 
phic in c £' tl ). We say that is graphical if the canonical forgetful functor F: ho —> is 

faithful. 

Note that is a ^-autonomous category in which the two monoidal structures co¬ 
incide, i.e., it is a compact closed category. In fact, the whole point of Definition 17.221 is 
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to forget in a given ^-autonomous category the difference between A and V. The actual 
problem is usually to find a canonical way of making this collapse. But here, we can 
explore the fact that ^ is single-mixed and that the structure of a B 1-category does not 
induce any other natural maps A A B —> 4 V B or A\I B —> A A B. Although in general 
inverting arrows in a category can destroy the structure, it is harmless here since it only 
makes mix an iso, and hence compact closed. We do not go into further details of 
inverting arrows in categories because the paper is already very long and Definition 17.221 
does not play an important role in the paper. Its main purpose is to provide the means 
of formulating the following open problem. 


7.23. Open Problem. Let S’ be a set of equations and let C S be the free Bl-category that 
is generated from a set sS of generators (e.g., propositional variables) and that obeys all 
of S. Is c £' graphical? This question is equivalent to asking for a general coherence result 
for Boolean categories. The present paper exhibits many equations that have to hold, but 
it gives no clue whether they are enough, or what could be missing. 


Note that for example the freely generated ^-autonomous category without units 
[ LS05al IHHS0511DP05 ] is graphical. This can be shown by using traditional proof nets 
for multiplicative linear logic. However, the work of |LS06] can be used to show that the 
freely generated ^-autonomous category with units is not graphical. 


Clearly, in a graphical B4-category the equations ( mix-m-t ), ( m-t-s ), and (m 2 -s-m 2 ) 
all hold. However, at the current state of the art it is not known whether they hold in 
every B4-categoryo But what can easily be shown is the following proposition. 


7.24. Proposition. In every BA-category 


(i) the equation (1451) holds if and only if equation (|mix-m-t| ) holds, and 


(ii) the equation (15UD holds if and only if equation (jm-t-sj) holds 


Proof. Since we do not need this later, we leave the proof as an exercise to the reader. 


7.25. Definition. A B5-category is a BA-category that obeys equations (|mix-m-t[) , ( |m-t-s| ) 
and ( rh 2 -s-m 2 ) for all objects. 


The motivation for this definition is the following lemma which will be needed in the 
next section. 


10 The conjecture is that it is not the case, but so far no counterexample could be constructed. 
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7.26. Lemma. In a Bb-category the following equation holds for all objects A, A', B, B', 
C, C', D, and D’: 


( a'\zA)a(b'vb)a(c'\/C)a(d'\/d ) 


{A'\jA)/\t B i B C i c f\{D'\/D) 


l A' ,A,B',B M C',C,D',D 


{A’V A)A{B'V{BAC')VC)A{D'VD) {A'\/B'\/(AaB))A(C'\/D'\/(CAD)) 


m ' x A'vA,B'V(BAC')VC A (^ ,V ^) 


1 A'WB' ,AAB,C'VD' ,CAD 


(A'vB'V(BAC')VC\/A)A(D'vD) ((A'V5')A(C'VL>'))V(L>AC)V(5AA) 


s A'vB'vCVA,BaC' ,D'\/D 


((A'vB')A(C'VD'))Vm D ,c.B,A 


A'vB'v(BA(D'\/D)AC')VC\/A ((a4W)A(CW))V((L>V.B)A(C , VT)) 


A'\/B'\/t B D i d c i\/C\/A 


^A'VB 1 ,C'VD’ ,DVB,CVA 


A'\/B , \/(BaD')\/(DaC , )\/C\/A ( A'\/B'\/B\/D)A{D'\/C'\/CVA ) 


L'vb'.bv d,d'vc',cva 


A'\jB'\Jm B D t d c i\/C\/ A 

A’\JB'\/{(B\/D)A(D'\/C'))\/C\/A 
Proof. Chase the following diagram: 

(A'vA)a(b i v(baC')\/C)a{d , vd) ■*!— (A'vA)a{b'\/b)a(c / \/C)a(D'vd) tAt > (A'vs'v(Aas))a(c , vd , v(Cad)) 


(((A , VA)A(B , VC))V(SAC"))A(Z)'VZ)) (((A , VA)A(B / vC))v(baC / A(D / VD)) 


(A'VB'V(BAC')VCVA)A(D'\/D) 


((A , VBOa(C'V.D'))V(.DaC)V(BaA) 


(A'vAVB)A{B'vCVC')A(D'\/D) ((A , VA)A(B , VC))V(BAD')V(C'AD) 


a'vb'v(ba(d'vd)ac')\/C\/a 


((A'vb , )a(C"vd'))v((bvd)a(CaA)) 


((A'VAVB)AD')V(DA(B'VCVC')) -(A'VAVBV-D)A(-D'VB'VCVC") 


A'\JB'V(BAD')\/(DAC')\/C\/A -s- A , VB'V((BVB)A(B'VC'))VCVA ■ 


(A'vb'vbvd)a(d'vc'vCvA) 


The little trian gle in th e upper left commutes because of (jmjx-aj) . The little triangle 
below it is just ( mix-m-t ), and the pentagon below commutes because of the coherence in 
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^-autonomous categoric^ [ BCST96] 1LS06 ]. The big square in the center is ( m-t-s ) and 
the small parallelogram at the bottom is just two applications of (|m-sj ) plugged together, 
and the big horse-shoe shape on the left is (rfi 2 -s-m 2 ). ■ 


8. Beyond medial 

The definition of monoidal categories settles how the maps &a,b,c, &a,b, Qa, and A ^ 
behave with respect to each other, and how the maps ola,b,c, &a,b, Qa, and A^ behave 
with respect to each other. The notion of *-autonomous category then settles via the 
bijection (gj) how the two monoidal structures interact. Then, the structure of a Bl- 
category adds V-monoids and A-comonoids, and the structure of B2-categories allows the 
V-monoidal structure to go well with the V-monoids and the A-monoidal structure to 
go well with the A-comonoids. Finally, the structure of B4-categories ensures that both 
monoidal structures go well with the V-monoids and the A-comonoids. 

However, what has been neglected so far is how the V-monoids and the A-comonoids 
go along with each other. Recall that in any B2-category the maps V and H preserve 
the V-monoid structure and the maps A and n preserve the A-comonoid structure (The¬ 
orem I7.19P . 

8.1. Compatibility of V-monoids and A-comonoids. We have the following possi¬ 
bilities: 

(i) The maps n and H are quasientropies. 

(ii) The maps n and H are clonable. 

(iii) The maps A and V are quasientropies. 

(iv) The maps A and V are clonable. 

Condition (JI]) says in particular that the following diagram commutes 


f 



A 


n^ 4 


t 


(44) 


Every B 1-category obeying (1B2al) and (1441) is not only single-mixed but also for every 

object A the composition f —> A —> t yields the same result. In (LS05aj the equation (PHD 
was used as basic axiom, and the mix map was constructed from that without the use 
proper units. 

The next observation to make is that (jnj and fjml) of l8.1l are equivalent, provided (1B3bf) 
and (1B3af) are present: 


11 It even commutes in the setting of weakly distributive categories. 
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8.2. Proposition. In a B2-category with nullary medial and (BUD the following are 
equivalent for every object A: 

(i) The map IT 4 preserves the V -multiplication. 

(ii) The map preserves the A-counit. 

(iii) The map IT 4 preserves the A-comultiplication. 

(iv) The map preserves the V -unit. 

PROOF. The equivalence of (JnD and (HD follows from 


AM A - ——-A 



The lower triangle is (IB3bl) together with (1B3ali . The upper triangle is (HD, and the square 
is (0). The other equivalences follow by duality. ■ 

Condition ^. II (HvP exhibits yet another example of a “creative tension” between algebra 
and proof theory. From the viewpoint of algebra, it makes perfect sense to demand that 
the V-monoid structure and the A-comonoid structure be compatible with each other, 
i.e., that 18.11 (jljl—(jivjl do all hold (see [ Lam07] ). However, from the proof-theoretic point 
of view it is reasonable to make some fine distinctions: We have to keep in mind that in 
the sequent calculus it is the “contraction-contraction-case” 



which spoils the confluence of cut elimination and which causes the exponential blow-up 
of the size of the proof. This questions 18.11 (llvlh i.e., the commutativity of the diagram 


AM A- 

AaVA a 

{A A A) V (A A A) 


V A 


V aaa 


— A 

A A 

■A A A 


(45) 


motivates the distinction made in the following definition. 
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8.3. Definition. We say a Bl-category is weakly flat if for every object A, the maps II" 4 
and II' 4 are strong and the maps and Va are quasientropies (i.e., \8.1\ (jll)- (jm|) hold), 
and it is flat if for every object A, the maps IT 4 , Ik 4 , and Va are all strong (i.e., all 
of \8.1\ (ED-dSD do hold). 

8.4. Corollary. A B3-category is weakly flat, if and only if II" 4 is a V -monoid morphism 
for every object A. 

To understand the next (and final) axiom of this paper, recall that in every "^-autono¬ 
mous category we have 


UAU 


A V A- 


avi a va 


(A V A) A (A V A) 


■ A V (A A A) V A 


(46) 


and that this equation is the reason why the cut elimination for multiplicative linear logic 
(proof nets as well as sequent calculus) works so well. The motivation for the following 
definition is to obtain something similar for classical logic (cf. |LS05aj ). 

8.5. Definition. A Bl-category is contractible if the following diagram commutes for 
all objects A. 

U -r 

- ^ Am A 

^■AWA 

\A (A V A) A (A V A) (47) 

t 

A V A --A V (A A A) V A 

avuva 

The following theorem states one of the main results of this paper. It explains the 
deep reasons why the cut elimination for the proof nets of |LS05bj is not confluent in the 
general case. It also shows that the combination of equations (14511 and (PXT1) together with 
the B5-structure leads to a certain collapse, which can be compared to the collapse made 
by an LK-category. Nonetheless, even with this collapse we can find reasonable models 
for proofs of Boolean logic, as it is shown in the next section. 

8.6. Theorem. In a Bb-category that is flat and contractible, we have 


1a + 1a — 1a 


for all objects A. 
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Proof. The proof idea here is the same as in the proof of Theorem 2.4.7 in [ LS05a j. The 
novelty is that here we do not need the sledge-hammer axiom of graphically. Instead we 
make use of Lemma 17.261 We proceed by showing that u + U = U : t —> A V A for all 
objects A. From this the result follows by Proposition 15.201 Note that in particular we 
have that u + u is the map 


Iaaa 


■Ay Ay (A a A) 


AvAVmix^ a 


■ Ay Ay Ay A- 


v A vv A 


■Ay A 


which is because of ( |mix-d|) and the *-autonomous structure the same as the left-most 
down path in the following diagram. 


IaAUAIaAU 


(AvA)a(AvA)a(AvA)a(AvA) 


IaAIa 


UAIaAIa 


Ia 


(AvA)a(AvA)a(AvA) (AvA)a(Av(AaA)vA)a(AvA) 

lA 


(AvA)a(Av(AaA)vA) 


'a 


Ia 


(AvA)a(AvA) AvAv(AaA)vAvA- 


mix AvA,AvA 


Ia 


mix AvA,Av(AAA)vA 

(AvAv(AaA)vavA)a(AvA) 

s avavava,aaa,ava 

• AvAv(Aa(AvA)aA)vAva 


Ia 


Ay Ay Ay A -AvAv(AaA)vAvA ■ 


■ AvAV(AaA)V(AaA)vAvA 


VaVVa 

AvA- 


lA 


V^Wa 

- Av(AaA)VA- 


VaAV^4 


"A,A,A,A 


V a V (Va AV ^4 ) Wa 


AvAv((AvA)A(AvA))vAvA 


The upper triangle commutes because of functoriality of A, the square in the lower left 
corner because of functoriality of V, and the parallelograms because of naturality of mix 
and t. The quadrangle in the upper left commutes because of (l46]h and the little triangle 
in the right center is just (fT7>|) together with naturality of switch. The pentagon below it 
is just the dual of (l47jh and the two little triangles at the lower right corner are (1B3C'!) 
and functoriality of V. Therefore, this diagram gives us a complicated way of writing just 
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U + U- Similarly, the next diagram gives us a complicated way of writing bp 



—-- AV(AAA)VA < AvAv((AvA)a(AvA))vavA 


Here the big upper right “triangle” commutes because of the ^-autonomous structure. 
The irregular quadrangle in the center is a transposed version of (l45]h the little triangle 
below it is (IB3C 7 !) . the two squares at the bottom are naturality of m and t, and the 
left-most part of the diagram commutes because of (147|) and (lB3clh Finally, we apply 
Lemma 17.261 to paste the two diagrams together, which yields u + U = U as desired. ■ 

In Figured] the basic idea of this proof is shown. The first four equations in that figure 
express the idea behind the first big diagram in the proof of Theorem 18.61 and the last 
three equations in Figure [I] express the idea of the second diagram. More explanations 
on this will follow in the next section. 

8.7. Corollary. Let be a set of propositional variables and let ^ be the free flat and 
contractible Bb-category generated by srf. Then ^ is idempotent. 

9. A concrete example: proof nets 

In this section we will construct a concrete example of a category which has almost all 
the properties discussed in this paper. Its existence shows that this paper actually makes 
sense: The equations presented here do not lead to the collapse into a Boolean algebra. 
In fact, this category was the main source of motivation for introducing the equations 
presented in Sections [3] [5l [3, and El 

We are going to present two versions of proof nets: 
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1. The simple proof nets are a slight modification of the proof nets introduced in [ LS05bl 
ILS05aj . The difference is that the categories of proof nets defined in these papers had 
only weak units, while here we are assuming from the beginning that t and f are proper 
unit objects. 

2. The extended proof nets have a richer structure than the simple nets. From the al¬ 
gebraic point of view the main difference to the simple nets is that the category of 
extended nets does not obey equation (EI5|) and is not idempotent (and is therefore not 
an LK-category). From the proof theoretic point of view, the extended nets keep more 
information about the proofs. In particular the size of proofs can captured. 

9.1. Definition. Let srf be a set of propositional variables. The set TP of formulae is 
generated via 

TP ::= srf \ sP \ %\f \ TP l\ TP \ TP V TP . 

A sequent is a finite list of formulae, separated by comma. A formula can be seen as a tree 
and a sequent as a forest whose leaves are labeled by elements of the set U^U{f,t} and 
whose inner nodes are labeled by elements of { A, V}. For a sequent T, let 2z?(r) denote 
the set of its leaves. For a leaf i G TT{T) let £{i) G sP U &P \J {f, t} denote its labeling. A 
linking for a sequent T is a binary relation P C JP(T) x 2zf(r) such that 

(i) for every i G Tf(r) with £{i) = t we have (i,i) G P, and 

(ii) if ( i,j) G P, then one of the following cases must hold: 

• i = j and I(i) = t, or 

• i j and £{%) = a and £(j) = a for some a G st. 

A simple prenet@ consists of a sequent T and a linking P for it. It will be denoted by 
P>T. 

In this paper, we will write prenets by simply writing down the sequent and by putting 
the linking as (directed) graph above it, as in these two example^: 



12 What we call prenet is in the literature sometimes also called a proof structure. 

13 Here we make two modifications to the proof nets used in ; LS05b , ;LS05aj : (i) We force every t to be 
linked to itself and we do not allow links between t and f . The reason is that we deal in this paper with 
proper units in the categorical sense, while : LS05b l lLS05aj used “weak units” (see also the introduction). 
The observation that linking every t to itself and disallowing t-f-links is enough to get proper units is due 
to Frangois Lamarche. (ii) We use here directed links between complementary pairs of atoms (instead 
of undirected links as in |LS05bl lLS05aj '). This brings a slight simplification of cut elimination via path 
composition. The idea for this has been taken from Dominic Hughes |Hug05bj |Hug05aj . 
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and 



(49) 


Now we will define when a simple prenet is correct, i.e., comes from an actual proof. A 
conjunctive pruning of a prenet P > T is the result of removing one of the two subformulae 
of each A in T and restricting the linking P accordingly. Here are two (of 16 possible) 
conjunctive primings of (l48j) : 



A simple prenet is correct if each of its conjunctive primings contains at least one link 
(i.e, the linking is not empty). A simple proof net is a correct simple prenet. The two 
examples in (l48j) and (l49j) are proof nets. Here is a prenet, which is not a proof net 
because there is a pruning in which all links disappear: 



b A , a A 


Now we show how simple proof nets can be composed. As in [ LS05b» lLS05a;, IStr05j 
this is done via cut elimination. But we use here a notational trick to make it even more 
intuitive: we allow to write proof nets in two-sided form: Instead of putting the linking 
above a sequent A±, ..., A n , Bi ,..., B m , we put it in between A n , ..., and Bi, ..., B m , 
where the negation A of a formula A is inductively defined as follow© 


a = a, a = a, t = f, f = t, (AAB) = B\/A, (Ay B) = B A A. 

Here are three different ways of writing example (1481) in two-sided form: 
a V b 





(50) 


14 We invert the order when taking the negation in order to reduce the number of crossings in the 
pictures. 
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And here is a different way of writing example (1491) : 



(51) 


Note that for defining the direction of the links and for checking correctness we always 
have to consider the negation of the formula on the top. This is equivalent to pretending 
we had not taken the negation of that formula when going from the one-sided to the two- 
sided version. One can make this formally precise by using polarities [Lain w- What is 
important is the fact that the objects in (1481) and in (T50|) denote the same net. Similarly, 
(|49|) and in (l5Tf are just different ways of drawing the same proof net. 

Cut elimination can now be defined by plugging nets together, as in the following 
example which is a composition of (the middle) net in (1501) and the one in (l5Tlk 




There is a link in the resulting net if and only if there is a corresponding path in the non- 
reduced composition. Writing it in the two-sided version makes it more intuitive than in 
the one-sided version, where (1521) would be written as: 
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This is the way it has been done in [LS05b] where it has been shown that this operation 
is associative and preserves correctness. In [ LS05bj it has also been shown how sequent 
calculus derivations are translated into proof nets. After what has been said here, it 
might be more intuitive to think of them as flow graphs [ Bus91 . Car97 ] of derivations 
in SKS [BTHTj . From the historical perspective it should be mentioned that the basic 
idea of the simple proof nets discussed here appeared in the literature already in [ And76] 
as matings and in [Bib81j as matrix proofs^, and that this idea goes even back to the 
coherence graphs of [KM7lj . 

If we now restrict ourselves to proof nets with only two conclusions, then we have 
a category^: the objects are the formulae and the arrows A —> B are the proof nets 
P > A, B. Arrow composition is defined as above, and the identities are the trivial proof 
nets P > A, A. Let us call this category SNet(j^) where srf is the set of propositional 
variables from which we started. 


9.2. Theorem. The category SNet(^) is a Bb-category that is flat and contractible. 


Proof. The maps a, a, g, A, s, m, II, and A are given by the obvious nets. We show here 
as example the nets for m a,b,c,d, Qa , II" 4 , and A^ (the others being similar, cf. [Str05j h 

(A A B) V (C A D) A At A A 

I X I \ o A 

(A V C) A (B V D) A t A A A 

In these drawings the bold links between formulae represent bundles of several links, one 
for each leaf of the formula tree. Note that the arrows have to have the right direction, 
and that there are no links connecting f and t. There are four cases: 

f 

J (53) 

f 


A 


A 


a 


a 


O 

t 


15 Note, however, that there is a subtle but crucial difference between our simple nets and the work 
of [And76l !Bib81j : in this early work links between atoms in a conjunction relation were not allowed 
(because they are irrelevant for correctness), but these links are crucial for obtaining an associative cut 
elimination operation (see |LS05bj ). 

16 Without the restriction to two formulae we would obtain a polycategory [Lam691 ISza75| . 
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It is an easy exercise to check that all the equations demanded by the definitions do indeed 
hold. We show here only the case of the contractibility axiom (07J): 

t 


A V A 


A V A 

/X\ 

(A V A) A (A V A) 

I \ I f 

A V (A A A) V A 
A V A 


As above, the bold links represent bundles of normal links: 


- O O < 54 > 

A V A a V a a V a fVt tVf 


The transposition jg) of proof nets is obtained by simply drawing the net in the transposed 
way, as it has been done with (145jl and (15U1) . That this has the desired properties should 
be clear from inspecting (153|) and (I54|) . ■ 

9.3. Theorem. The category SNet(^) is graphical. 

Proof. Trivial (cf. ILSOSaj ). ■ 

Note that in SNet(^) the sum f + g: A —> B of two proofs /, g: A —> B is obtained 
by taking the (set-theoretic) union of the two corresponding linkings. Hence, SNet(j^) 
is idempotent, and we have that f < g iff the linking for / is a subset of the linking for g. 


9.4. Theorem. The category SNet(^) is an LK-category. 

Proof. Let /, g: A —> B be two maps in SNet(^). Let / be given by the proof net 
P > A, B and g be given by Q > A, B. Then, by what has been said above, we define 
/ g iff Q C P. After Theorem 19.21 it only remains to show that equation (|LK-A[ ) holds 
for all /. But this follows immediately from the definition of composition of proof nets. ■ 


It should be clear, that the category SNet(^) is quite a degenerate model for proofs 
of Boolean propositional logic. The size of a proof net is at most quadratic in the size of 
the sequent. This means in particular, that the information how often a certain link is 
used in a proof is not present in the proof net. For this reason we will now allow more 
than one link between a pair of complementary atornsj^l But as shown in [ LS05b] , doing 


17 In terms of |LS05b| this means stepping from the Boolean semiring of weights to the natural numbers 
semiring of weights. 














57 


this naively means losing confluence of cut elimination via path composition. I.e., we 
do not get a category with associative arrow composition. A possible solution has been 
suggested in |Str05j : 

9.5. Definition. An extended prenet consists of a sequent T, a finite set K of anchors, 
an anchor labeling £: K —> stf, and a linking (which is now no longer a binary relation, 
but a binary function to the naturals) P: U K ) x U K) —> N, such that 

(i) for every i G Jzf(r) with £{i) = t we have P(i,i ) = 1, 

(ii) for every k G K we have 






i£jf(T)\JK 


jeJ?(T)UK 


(Hi) if P(i,j) > 1, then one of the following cases must hold: 

• i = j and £{%) = t and P[i , i) = 1, or 

• i j and i G Jzf(T) and j G «5f(T) U K and £(i) = a and £(j) = a for some 
a G srf, or 

• i j and i G K and j G J5f(r) U K and £(i) = £(j) = a for some a G srf . 

As before, every t has to be linked to itself. That we allow only one and not many such 
links is due to Lemma [5.111 (which is a consequence of having proper units, cf. |Str05j ). 
But contrary to what we had before, we do now allow not only many links between two 
atoms but also “non-direct” links visiting anchors on their way. But each anchor can only 
serve links between atoms of the same name. Furthermore, an anchor must have at least 
two incoming and at least two outgoing links. Here are two examples of extended prenets: 


b\/ a , a V b 



(55) 
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The labellings of the anchors are not shown because they are clear from the linkings. 
Observe that while in a simple proof net the number of links is at most quadratic in the 
size of the sequent, in an extended net things can get arbitrarily large, as the second 
example in (|55l) shows. 

The correctness of extended nets is defined similarly as for simple nets. But now the 
condition is not that every pruning must contain a link, but it must contain a complete 
path from one leaf to another (in a conjunctive pruning the anchors remain and behave 
as big disjunctions). A correct extended prenet is an extended proof net. The examples 
in (155]1 are extended proof nets. 

9.6. Cut elimination for extended nets. The composition of two extended proof nets 
is again defined via cut elimination, which can again be understood as path composition. 
But this time we have to be careful to treat the anchors correctly if we want a well-defined 
and associative composition. To be formally precise, we define it in two steps: 

1. ) Replace every leaf of the cut formula by an anchor, while the links remain unchanged. 

2. ) Remove all anchors that have no right to exist (i.e., that have less than two incoming 

or outgoing links). This is done by repeatedly performing the following reduction steps 
until no further reduction is possible: 

• Remove every anchor without any outcoming links, and remove all links coming 
into it. 

• Remove every anchor without any incoming links, and remove all links coming 
out of it. 

• If there is an anchor k with only one link coming out, i.e., there is exactly one 
i G J 2 ?(T) U K with P(k,i ) = 1, and P(k,j ) = 0 for all j G JSf(T) U K with 
j 7 ^ i, then 

- for every l G JSf(T) UK increase the value of P(l, i ) by P{1 , k), i.e, all links 
going into k are redirected to i, and 

— remove k. 

• If there is an anchor k with only one link going in, i.e., there is exactly one 
i G JSf(T) U K with P(i,k ) = 1, and P(j,k ) = 0 for all j G Jzf(T) U K with 
j i, then 

- for every l G Jzf(T) UK increase the value of P(i, l ) by P(k, l ), i.e, all links 
coming out of k are replaced by links coming out of i, and 

— remove k. 


Set P(k , k) — 0 for all k G K. 

Set P(i, i) = 1 for all i with I {%) = t. 
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This sounds more complicated than it actually is. As first example, we show here the 
case of the contractibility axiom (applied to a single atom): 


a V a 


(aVa)A(aVa) 

I \ / 

a V (a A a) V 


a V a 



a V a 


Here are two other examples (compare with (j52j)): 



b V a , a V b 


\ 





The whole point of the construction of the extended proof nets is, that we again get 
a category, which we denote by ENet(«e^)@ This category is again a B5-category and it 


18 The restrictions made to the anchors in Definition 19.51 are chosen such that we indeed get a well- 
defined and associative composition. 
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is graphical. But it is not flat because the following two nets are obviously not equal: 


a V a a V a 



which means that diagram (1451) does not commute. It is also easy to see that ENet(j^) 
is not idempotent, and is therefore not an LK-category. However, we have: 

9.7. Theorem. The category ENet(^) is a Bb-category that is weakly flat and con¬ 
tractible. 

Proof. Again, the maps a, a g, A, s, m, n, and A are given by the obvious nets. It is 
an easy exercise to check that the equations demanded by the definitions do still hold. ■ 

9.8. Theorem. The category ENet(^) is graphical. 

Proof. Trivial. ■ 

In Figured] we use the notation of the extended proof nets to illustrate the idea behind 
the proof of Theorem 18.61 The middle equation in the second line is (145 p . i.e, the identity 
of the two nets in ([58jh The left-most equation in the second line and the right-most 
equation in the first line are both the contractibility equation (l47lh Everything else in 
Figure [T] is rather trivial from the viewpoint of proof nets. However, since we do not 
have a “coherence theorem”, Figure CD cannot tell us whether the equations are really 
consequences of the axioms. For this, the proper proof in Section [ 8 ] is necessary. 


10. More thoughts on order enrichment 


Although ENet(,c/) is not an LK-category, we can enrich it with a partial order which 
is induced by cut elimination according to the ideas of | FP04d FP04a ], This means that 
/ g if g is obtained from / via cut elimination in some formal system (not necessarily 
LK or another sequent system). 

In category-theoretic terms, this is achieved by keeping properties P and (lull) in 
Definition 16.11 but by dropping (ILK-ni) and ( |LK-AD • It should be clear that there is a 
wide range of possibilities of providing such a partial order. As an example we will sketch 
here the idea which has been proposed in [Str05j . 

Let f: A —> B be a map in ENet(,c/), i.e., an extended proof net, and let k e Kf be 
an anchor in /, and let Pf be the linking of /. Then we can remove k according to the 
cut elimination for simple proof nets (as defined in jLSOSbj ). Let K' be Kf \ {k} and for 
all i, j G A?(r) U K' let P'{i,j ) = Pf(i,j) + Pf{i, k ) • Pf(k,j). Now define g\ A —> B to 
be the result of applying the second step of 19.61 to P', K'. 
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a V a 



• • • • 

V V 

• • 

\ / 

a V a 



\l 1/ 

• • 

\ / 

a V a 



\/ \A/ \/ 


• • • • 



a V a 


a V a 


• • 


• • • • 


• • • • 



a V a 



• • • • 



a V a 



v \/ \/ v 

• • • • 



a V a 


Figure 1: The idea of the proof of Theorem 18.61 


For example the net on the left in (1581) is the result of eliminating the anchor of the 
net on the right in (1581) . 

Note that this anchor elimination process is not confluent, i.e., in a net with many 
anchors, the result of eliminating all of them depends on the order in which they are elim¬ 
inated. This has been shown in [ LS05b] , but morally it is a consequence of Theorem 18.61 

There is also a close relationship to cut elimination in the calculus of structures. There 
is work in progress to nail down the precise relation between the anchor elimination for 
proof nets defined above and the splitting technique [Gug07| for elimination the cuts in 
system SKS lBrii03j . 

Let us finish this paper by proposing yet another way of enriching ENet(A) with a 
partial order: Since maps in that category are just directed graphs, we can define f =4 g 
if g is a minor of / in the graph-theoretic sense. We have to leave it as problem for future 
work to investigate the proof-theoretic implications of this. 
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